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Abstract

In answ er set programming (ASP), a problem at hand is solv ed b y (i) writing a logic pro-

gram whose answ er sets corresp ond to the solutions of the problem, and b y (ii) computing

the answ er sets of the program using an answer set solver as a searc h engine. T ypically , a

programmer creates a series of gradually impro ving logic programs for a particular prob-

lem when optimizing program length and execution time on a particular solv er. This leads

the programmer to a meta-lev el problem of ensuring that the programs are equiv alen t,

i.e., they giv e rise to the same answ er sets. T o ease answ er set programming at metho d-

ological lev el, w e prop ose a translation-based metho d for v erifying the equiv alence of logic

programs. The basic idea is to translate logic programs P and Q under consideration in to

a single logic program EQT( P; Q) whose answ er sets (if suc h exist) yield coun ter-examples

to the equiv alence of P and Q . The metho d is dev elop ed here in a sligh tly more general

setting b y taking the visibility of atoms prop erly in to accoun t when comparing answ er

sets. The translation-based approac h presen ted in the pap er has b een implemen ted as a

translator called lpeq that enables the v eri�cation of w eak equiv alence within the smod-

els system using the same searc h engine as for the searc h of mo dels. Our exp erimen ts

with lpeq and smodels suggest that establishing the equiv alence of logic programs in

this w a y is in certain cases m uc h faster than naiv e cross-c hec king of answ er sets.

KEYW ORDS : Answ er set programming, w eak equiv alence, programming metho dology ,

program optimization

1 In tro duction

Answ er set programming (ASP) has recen tly b een prop osed and promoted as a

self-standing logic programming paradigm (Marek and T ruszczy«ski 1999; Niemelä

1999; Gelfond and Leone 2002). Indeed, the paradigm has receiv ed increasing atten-

tion since e�cien t implemen tations suc h as dl v (Leone et al. 2006) and smodels

� This is an extended v ersion of a pap er (Janh unen and Oik arinen 2002) presen ted at the 8th

Europ ean W orkshop on Logics in Arti�cial In telligence in Cosenza, Italy .
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(Simons et al. 2002) b ecame a v ailable in the late nineties. There are n umerous ap-

plications of ASP ranging, e.g., from pro duct con�guration (Soininen et al. 2001) to

a decision supp ort system of the space sh uttle (Balduccini et al. 2001). The v ariet y

of answ er set solv ers is also rapidly gro wing as new solv ers are b eing dev elop ed

constan tly for the sak e of e�ciency . The reader is referred to (Janh unen et al. 2000;

Lin and Zhao 2002; Lierler and Maratea 2004; Janh unen 2004; Anger et al. 2005;

Gressmann et al. 2005; Liu and T ruszczy«ski 2005) in this resp ect.

Despite the declarativ e nature of ASP , the dev elopmen t of programs resem bles

that of programs in con v en tional programming. That is, a programmer often dev el-

ops a series of gradually impro ving programs for a particular problem, e.g., when

optimizing execution time and space. As a consequence, the programmer needs to

ensure that subsequen t programs whic h di�er in p erformance yield the same output.

This setting leads us to the problem of v erifying whether giv en t w o logic programs

P and Q ha v e exactly the same answ er sets, i.e., are we akly e quivalent (denoted

P � Q ). Lo oking at this from the ASP p ersp ectiv e, w eakly equiv alen t programs

pro duce the same solutions for the problem that they formalize.

There are also other notions of equiv alence that ha v e b een prop osed for logic

programs. Lifsc hitz et al. (2001) consider P and Q str ongly e quivalent , denoted P � s

Q , if and only if P [ R � Q [ R for all programs R eac h of whic h acts as a p oten tial

con text for P and Q . By setting R = ; in the de�nition of � s , w e obtain that P � s Q
implies P � Q but the con v erse do es not hold in general. Consequen tly , the question

whether P � Q holds remains op en whenev er P 6�s Q turns out to b e the case.

This implies that v erifying P � Q remains as a problem of its o wn, whic h cannot

b e fully comp ensated b y v erifying P � s Q . As suggested b y its name, � s is a m uc h

stronger relation than � in the sense that the former relates far few er programs

than the latter. This mak es � s b etter applicable to subpr o gr ams or pr o gr am mo dules

constituting larger programs rather than complete programs for whic h � is more

natural. Moreo v er, there is a n um b er of c haracterizations of strong equiv alence

(Lifsc hitz et al. 2001; P earce et al. 2001; Lin 2002; T urner 2003) whic h among

other things indicate that strongly equiv alen t programs are classically equiv alen t,

but not necessarily vice v ersa as to b e demonstrated in Example 4.4. Th us strong

equiv alence p ermits only classical pr o gr am tr ansformations , i.e., substitutions of a

program mo dule (a set of rules) b y another. In con trast to this, w eak equiv alence

is more lib eral as regards program transformations some of whic h are not classical

but still used in practice; the reader ma y consult Example 4.3 for an instance.

F or the reasons discussed ab o v e, w e concen trate on the case of complete programs

and w eak equiv alence in this article. W e dev elop a metho d that extends (Janh unen

and Oik arinen 2002; Janh unen and Oik arinen 2004) and hence fully co v ers the

class of weight c onstr aint pr o gr ams supp orted b y the fron t-end lp arse (Syrjänen

2001) used with the smodels system (Simons et al. 2002). The k ey idea in our

approac h is to tr anslate logic programs P and Q under consideration in to a single

logic program EQT( P; Q) whic h has an answ er set if and only if P has an answ er

set that is not an answ er set of Q . Suc h answ er sets, if found, act as c ounter-

examples to the equiv alence of P and Q . Consequen tly , the equiv alence of P and

Q can b e established b y sho wing that EQT( P; Q) and EQT( Q; P) ha v e no answ er
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sets.

1
Th us the existing searc h engine of the smodels system can b e used for

the searc h of coun ter-examples and there is no need to dev elop a sp ecial purp ose

searc h engine for the v eri�cation task. Moreo v er, w e are obliged to dev elop the

underlying theory in a more general setting where programs ma y in v olv e invisible

atoms, e.g., generated b y lp arse when compiling w eigh t constrain ts. The basic

idea is that suc h atoms should b e neglected b y equiv alence relations but this is

not the case for � and � s . T o this end, w e apply y et another equiv alence relation,

namely visible e quivalenc e denoted b y � v (Janh unen 2003; Janh unen 2006). This

relation is compatible with � in the sense that these equiv alence relations coincide in

the absence of in visible atoms. In fact, w e dev elop a translation-based v eri�cation

metho d for � v and c haracterize the class of smodels programs for whic h the

metho d is guaran teed to w ork b y constraining the use of in visible atoms. This

class is iden ti�ed as the class of programs p ossessing enough visible atoms . Most

imp ortan tly , this prop ert y is shared b y w eigh t constrain t programs pro duced b y

the fron t-end lp arse during grounding.

The rest of this pap er is organized as follo ws. The rule-based syn tax of logic

programs supp orted b y the curren t smodels system is describ ed in Section 2. It

is then explained in Section 3 ho w the seman tics of suc h rules is co v ered b y the

stable mo del seman tics prop osed b y Gelfond and Lifsc hitz (1988). Section 4 in tro-

duces the notion of visible e quivalenc e men tioned ab o v e. W e p erform a preliminary

complexit y analysis of the problem of v erifying P � v Q for P and Q giv en as input.

Unfortunately , recen t complexit y results (Eiter et al. 2005) suggest discouraging

rises of complexit y in the presence of in visible atoms. Th us w e need to imp ose addi-

tional constrain ts in order to k eep the v eri�cation problem in coNP ; th us enabling

the use of smodels as searc h engine in a feasible w a y . In Section 5, w e presen t

our translation-based metho d for v erifying the visible equiv alence of smodels pro-

grams. The correctness of the metho d is also addressed. The resulting complexit y

classi�cations are then concluded in Section 5.1. Section 6 concen trates on the case

of w eigh t constrain t programs supp orted b y the fron t-end lp arse of the smod-

els system and sho ws ho w programs in the extended language are co v ered b y the

translation-based metho d. Section 7 is dev oted to exp erimen ts that w e ha v e p er-

formed with an implemen tation of the translation-based metho d, a translator called

lpeq , and the smodels system. The results indicate that in certain cases v erifying

the equiv alence of smodels programs using lpeq is one or t w o orders of magnitude

faster than naiv e cross-c hec king of stable mo dels. Finally , the pap er is �nished b y

a brief conclusion in Section 8.

2 Programs in the smodels Language

The goal of this section is to mak e the reader acquain ted with the rule-based lan-

guage supp orted b y the curren t smodels system (Simons et al. 2002). De�nition

1
T urner (T urner 2003) dev elops an analogous transformation for w eigh t constrain t programs and

str ong e quivalenc e . Moreo v er, Eiter et al. (2004) co v er the case of disjunctiv e programs under

strong and uniform e quivalenc e and presen t the resp ectiv e transformations.
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2.1 lists �v e forms of rules whic h constitute the kno wledge represen tation primitiv es

of the system. Besides b asic rules (1) of con v en tional normal lo gic pr o gr ams , there

are also other expressions suc h as c onstr aint rules (2), choic e rules (3), weight rules

(4), and c ompute statements (5). These extensions ha v e b een carefully c hosen to b e

directly and e�cien tly implemen table in the searc h engine of the smodels system

(Simons et al. 2002). It should b e stressed that the fron t-end of the system, lp arse

(Syrjänen 2001), admits a more lib eral use of constrain t and w eigh t rules (Syrjänen

2004) but w e p ostp one the discussion of suc h features un til Section 6.

De�nition 2.1 R ules ar e expr essions of the forms

h  a1; : : : ;an ; � b1; : : : ;� bm (1)

h  c f a1; : : : ;an ; � b1; : : : ;� bm g (2)

f h1; : : : ;hl g  a1; : : : ;an ; � b1; : : : ;� bm (3)

h  w � f a1 = wa1 ; : : : ;an = wan ; � b1 = wb1 ; : : : ;� bm = wbm g (4)

computef a1; : : : ;an ; � b1; : : : ;� bm g (5)

wher e n � 0, m � 0, and l > 0, and wher e h , e ach ai , e ach bj , and e ach hk ar e

atoms and c, e ach wa i , e ach wbj , as wel l as w , ar e natur al numb ers.

The sym b ol � o ccurring in De�nition 2.1 denotes default ne gation or ne gation as

failur e to pr ove whic h di�ers from classical negation in an imp ortan t w a y (Gelfond

and Lifsc hitz 1990). W e de�ne p ositiv e and negativ e default liter als in the standard

w a y as atoms a or their negations � a, resp ectiv ely . The exact mo del-theoretic

seman tics of rules is deferred un til Section 3, but � informally sp eaking � the

rules listed ab o v e are used to dra w conclusions as follo ws.

� The head h of a basic rule (1) can b e inferred if the atoms a1; : : : ;an are

inferable b y other rules whereas the atoms b1; : : : ;bm are not .

� The head h of a constrain t rule (2) can b e inferred if the n um b er of infer-

able atoms among a1; : : : ;an plus the n um b er of non-inferable atoms among

b1; : : : ;bm is at least c.

� A c hoice rule (3) is similar to a basic rule except that an y subset of the non-

empt y set of head atoms f h1; : : : ; hl g can b e inferred instead of a single head

atom h . Note that it is not necessary to infer an y of the head atoms.

� A w eigh t rule (4) in v olv es summing as follo ws: the w eigh t wa i (resp. wbj ) is

one of the summands if and only if ai is inferable (resp. bj is not inferable).

The head h can b e inferred if suc h a sum of w eigh ts is at least w .

� The default literals in v olv ed in a compute statemen t (5) act as direct con-

strain ts sa ying that the atoms a1; : : : ;an should b e inferable b y some rules

whereas the atoms b1; : : : ;bm should not.

A couple of observ ations follo ws. A constrain t rule (2) b ecomes equiv alen t to a

basic rule (1) giv en that c = n + m . A w eigh t rule (4) reduces to a constrain t

rule (2) when all w eigh ts are equal to 1 and w = c. Moreo v er, default literals

ma y b e assigned di�eren t w eigh ts in di�eren t w eigh t rules, i.e., w eigh ts are lo cal

in this sense. The t yp es of rules de�ned ab o v e are already w ell-suited for a v ariet y
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of kno wledge represen tation and reasoning tasks in a n um b er of domains. Example

2.2 demonstrates the use of rules in a practical setting. The reader is referred to

(Niemelä 1999; Marek and T ruszczy«ski 1999; Simons et al. 2002; Gelfond and

Leone 2002) for more examples ho w to represen t kno wledge in terms of rules.

Example 2.2 Consider the task of describing c o�e e or ders using rules

2
intr o duc e d

in De�nition 2.1. The nine rules given b elow form our formalization of this domain

which should b e self-explanatory. The c ompute statement in the end identi�es the

or ders of inter est to b e those for which � acceptable� c an b e inferr e d.

f co�ee; tea; biscuit; cake; cognacg.

f cream; sugarg  co�ee.

cognac co�ee.

f milk; lemon; sugarg  tea.

mess milk; lemon.

happy 1 f biscuit; cake; cognacg.

bankrupt  6 � f co�ee = 1 ; tea = 1 ; biscuit= 1 ; cake= 2 ; cognac= 4 g.

acceptable happy; � bankrupt; � mess.

computef acceptableg.

W e de�ne a lo gic pr o gr am P as a �nite

3
set of ground rules of the forms (1)�

(5) giv en in De�nition 2.1. It follo ws that programs under consideration are fully

instan tiated and th us consist of ground atoms whic h are parallel to pr op ositional

atoms , or atoms for short in the sequel. The Herbr and b ase of a logic program P can

b e an y �xed set of atoms Hb(P) con taining all atoms that actually app ear in the

rules of P . F urthermore, w e view Hb(P) as a part of the program whic h corresp onds

to de�ning a logic program as pair hP; Hb(P)i where Hb(P) acts as the sym b ol

table of P . The �exibilit y of this de�nition has imp ortan t consequences. First, the

length jjP jj of the program, i.e., the n um b er of sym b ols needed to represen t P as a

string, b ecomes dep enden t on jHb(P)j . This asp ect b ecomes relev an t in the analysis

of translation functions (Janh unen 2006). Second, the explicit represen tation of

Hb(P) enables one to k eep trac k of atoms whose o ccurrences ha v e b een remo v ed

from a program, e.g., due to program optimization. F or instance, the program

hfa  � b: g; f a; bgi can b e rewritten as hfa: g; f a; bgi under stable mo del seman tics.

There is a further asp ect of atoms that a�ects the w a y w e treat Herbrand bases,

namely the visibility of atoms. It is t ypical in answ er set programming that only

certain atoms app earing in a program are relev an t for represen ting the solutions

of the problem b eing solv ed. Others act as auxiliary concepts that migh t not ap-

p ear in other programs written for the same problem. As a side e�ect, the mo d-

els/in terpretations assigned to t w o programs ma y di�er already on the basis of aux-

iliary atoms. Rather than in tro ducing an explicit hiding mec hanism in the language

itself, w e let the programmer decide the visible part of Hb(P) , i.e., Hbv (P) � Hb(P)

2
Rules are separated with full stops and the sym b ol �  � is dropp ed from a basic rule (1) or a

c hoice rule (3) if the b o dy of the rule is empt y ( n = 0 and m = 0 ).

3
This re�ects the fact that the theory b eing presen ted/dev elop ed here is closely related to an

actual implemen tation, the smodels engine, whic h admits only �nite sets of ground rules.
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whic h determines the set of hidden atoms Hbh (P) = Hb( P) � Hbv (P) . The ideas

presen ted so far are com bined as follo ws.

De�nition 2.3 A lo gic pr o gr am in the smodels system (or an smodels pr o gr am

for short) is a triple hP; Hbv (P); Hbh (P)i wher e

1. P is a �nite set of rules of the forms (1) � (5);

2. Hbv (P) and Hbh (P) ar e �nite and disjoint sets of atoms and determine the visible

and hidden Herbr and b ases of the pr o gr am, r esp e ctively; and

3. al l atoms o c curring in P ar e c ontaine d in Hb(P) = Hb v (P) [ Hbh (P) .

Final ly, we de�ne Hba(P) as the set of atoms of Hb(P) not o c curring in P .

4

Note that the atoms of Hba(P) can b e view ed as additional atoms that just

extend Hb(P) . By a sligh t abuse of notation, w e often use P rather than the whole

triple when referring to a program hP; Hbv (P); Hbh (P)i . T o ease the treatmen t

of programs, w e mak e some default assumptions regarding the sets Hb(P) and

Hbv (P) . Unless otherwise stated, w e assume that Hbv (P) = Hb( P) , Hbh (P) = ; ,

and Hba(P) = ; , i.e., Hb(P) con tains only atoms that actually app ear in P .

Example 2.4 Given P = f a  � b: g, the default interpr etation is that Hb(P) =
f a; bg, Hbv (P) = Hb( P) = f a; bg, and Hbh (P) = ; . T o make an exc eption in this

r esp e ct, we have to add explicitly that, e.g., Hbv (P) = f a; cg and Hbh (P) = f bg.

T o gether with P these de clar ations imply that Hba(P) is implicitly assigne d to f cg.

Generally sp eaking, the set Hbv (P) can b e understo o d as a pr o gr am interfac e

of P and it giv es the basis for comparing the program P with other programs of

in terest. The atoms in Hbh (P) are to b e hidden in an y suc h comparisons.

3 Stable Mo del Seman tics

In this section, w e review the details of stable mo del semantics prop osed b y Gelfond

and Lifsc hitz (1988). Stable mo dels w ere �rst in tro duced in the con text of normal

lo gic pr o gr ams , i.e., logic programs that solely consist of basic rules (1), but so on

they w ere generalized for other classes in v olving syn tactic extensions. In addition to

recalling the case of normal programs, it is also imp ortan t for us to understand ho w

the seman tic principles underlying stable mo dels can b e applied to the full syn tax

of smodels programs in tro duced in Section 2. Y et another generalization will b e

presen ted in Section 6 where the class of w eigh t constrain t programs is addressed.

The class of normal programs includes p ositive pr o gr ams that are free of default

negation, i.e., m = 0 for all rules (1) of suc h programs. The standard w a y to

determine the seman tics of an y p ositiv e program P is to tak e the le ast mo del of

P , denoted b y LM( P) , as the seman tical basis (Llo yd 1987). This is a particular

classical mo del of P whic h is minimal with resp ect to subset

5
inclusion and also

4
The atoms in Hba(P ) are made false b y stable seman tics to b e in tro duced in Section 3.

5
It is assumed that in terpretations are represen ted as sets of atoms ev aluating to true.
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unique with this prop ert y . Moreo v er, the least mo del LM( P) coincides with the

in tersection of all classical mo dels of P . Consequen tly , an atom a 2 Hb(P) is a

logical consequence of P in the classical sense if and only if a 2 LM( P) . It is also

imp ortan t to realize that the seman tic op erator LM( �) is inheren tly monotonic:

P � Q implies LM( P) � LM( Q) for an y p ositiv e normal logic programs P and Q .

Gelfond and Lifsc hitz (1988) sho w ho w the least mo del seman tics can b e general-

ized to co v er normal logic programs. The idea is to reduce a normal logic program

P with resp ect to a mo del candidate M b y pre-in terpreting negativ e literals that

app ear in the rules of P . The resulting program PM
� also kno wn as the Gelfond-

Lifsc hitz r e duct of P � con tains a reduced rule h  a1; : : : ;an if and only if there

is a rule (1) in P so that the negativ e literals � b1; : : : ;� bm in the b o dy are satis�ed

in M . This mak es PM
a p ositiv e program whose seman tics is determined in the

standard w a y , i.e., using its least mo del (Llo yd 1987).

De�nition 3.1 (Gelfond and Lifsc hitz (1988)) F or a normal lo gic pr o gr am P ,

an interpr etation M � Hb(P) is a stable mo del of P if and only if M = LM( PM ) .

F or a p ositiv e program P , the reduct PM = P for an y M � Hb(P) implying

that LM( P) coincides with the unique stable mo del of P . Unlik e this, stable mo dels

need not b e unique in general: a normal logic program P ma y p ossess sev eral stable

mo dels or no stable mo del at all. Ho w ev er, this is not considered as a problem

in answ er set programming, since the aim is to capture solutions to the problem

at hand with the stable mo dels of a program that is constructed to formalize the

problem. In particular, if there are no solutions for the problem, then the logic

programming represen tation is not supp osed to p ossess an y stable mo dels.

Simons (1999) sho ws ho w the stable mo del seman tics can b e generalized for the

other kinds of rules presen ted in Section 2. Ho w ev er, the reduced program is not

explicitly presen t in the seman tical de�nitions giv en b y him. This is wh y w e resort to

an alternativ e de�nition, whic h app ears as De�nition 3.4 b elo w. It will b e explained

in Section 6 ho w the forthcoming de�nition can b e understo o d as a sp ecial case of

that giv en b y Simons et al. (2002) for more general classes of rules. In con trast

to their de�nitions that in v olv e de ductive closur es of sets of rules, w e de�ne stable

mo dels purely in mo del-theoretic terms using the least mo del concept.

Giv en a logic program P , an interpr etation I is simply a subset of Hb(P) de�ning

whic h atoms a are considered to b e true ( a 2 I ) and whic h false ( a 62I ). By the

follo wing de�nition, w e extend the satisfaction relation I j= r for the t yp es of rules

r under consideration. In particular, let us p oin t out that negativ e default literals

are treated classically at this p oin t.

De�nition 3.2 Given an interpr etation I � Hb(P) for an smodels pr o gr am P ,

1. A p ositive default liter al a is satis�e d in I (denote d I j= a) () a 2 I .

2. A ne gative default liter al � a is satis�e d in I (denote d I j= � a) () I 6j= a.

3. A set of default liter als L is satis�e d in I (denote d I j= L ) ()
I j= l for every l 2 L .
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4. A b asic rule r of the form (1) is satis�e d in I (denote d I j= r ) ()
I j= f a1; : : : ;an ; � b1; : : : ;� bm g implies I j= h .

5. A c onstr aint rule r of the form (2) is satis�e d in I (denote d I j= r ) ()
c � jf ai j I j= ai g [ f� bj j I j= � bj gj implies I j= h .

6. A choic e rule r of the form (3) is always satis�e d in I .

7. A weight rule r of the form (4) is satis�e d in I (denote d I j= r ) ()

w � WSI (a1 = wa1 ; : : : ;an = wan ; � b1 = wb1 ; : : : ;� bm = wbm )

=
X

I j= a i

wa i +
X

I j= � bj

wbj

(6)

implies I j= h .

8. A c ompute statement s of the form (5) is satis�e d in I (denote d I j= s) ()
I j= f a1; : : : ;an ; � b1; : : : ;� bm g.

9. A pr o gr am P is satis�e d in I ( I j= P ) () I j= r for every r 2 P .

The equalit y in (6) determines ho w w eigh ted literal sets are ev aluated. Giv en an

in terpretation I and an assignmen t of w eigh ts to default literals as in the b o dy of a

w eigh t rule (4), the resp ectiv e weight sum in (6) includes the w eigh t of eac h literal

true in I . This primitiv e will b e needed a lot in the sequel to deal with w eigh t rules.

Example 3.3 The thir d but last rule of Example 2.2 is satis�e d in an interpr etation

I 1 = f tea; biscuitg, but not in I 2 = f co�ee; cake; cognacg.

An in terpretation I is a (classical) mo del of a logic program P if and only if I j= P .

Ho w ev er, stable mo dels are not arbitrary mo dels of logic programs. As discussed in

the b eginning of this section, they in v olv e a reduction of logic programs whic h is

based on a pre-in terpretation of negativ e literals.

De�nition 3.4 F or an smodels pr o gr am P and an interpr etation I � Hb(P) of

P , the r e duct P I
c ontains

1. a b asic rule h  a1; : : : ;an () ther e is a b asic rule (1) in P such that I j=
f� b1; : : : ; � bm g or ther e is a choic e rule (3) in P such that h 2 f h1; : : : ; hl g,

I j= h , and I j= f� b1; : : : ; � bm g;

2. a c onstr aint rule h  c0 f a1; : : : ;an g () ther e is a c onstr aint rule (2) in P and

c0 = max(0 ; c � jf� bi j I j= � bi gj) ;

3. a weight rule h  w0 � f a1 = wa1 ; : : : ;an = wan g () ther e is a weight rule (4)

in P and w0 = max(0 ; w � WSI (� b1 = wb1 ; : : : ;� bm = wbm )) ; and

4. no c ompute statements.

Note that in addition to ev aluating negativ e literals in the b o dies of rules, the

head atoms h 2 f h1; : : : ; hl g of c hoice rules (3) are sub ject to a sp ecial treatmen t:

an essen tial prerequisite for including h  a1; : : : ;an in the reduct PM
is that

M j= h , i.e., h 2 M . This is the w a y in whic h the c hoice regarding h tak es place.

Moreo v er, it is clear b y De�nition 3.4 that the reduct PM
is free of default negation

and it con tains only basic rules, constrain t rules, and w eigh t rules, but no compute
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statemen ts. Th us w e call an smodels program P p ositive if eac h rule r 2 P is of

the forms (1), (2) and (4) restricted to the case m = 0 . The least mo del seman tics

can b e generalized for p ositiv e programs b y distinguishing their minimal mo dels.

De�nition 3.5 A mo del M j= P of a (p ositive) smodels pr o gr am P is minimal

if and only if ther e is no M 0 j= P such that M 0 � M .

P ositiv e programs share man y imp ortan t prop erties of p ositiv e normal pr o gr ams

and the straigh tforw ard seman tics based on minimal mo dels and the least mo del is

easily generalized for p ositiv e programs.

De�nition 3.6 F or a p ositive smodels pr o gr am P , we de�ne an op er ator TP :
2Hb( P ) ! 2Hb( P )

as fol lows. Given any interpr etation I � Hb(P) , the r esult of

applying TP to I , i.e., TP (I ) � Hb(P) , c ontains an atom a 2 Hb(P) if and only if

1. ther e is a b asic rule a  a1; : : : ;an 2 P and I j= f a1; : : : ; an g; or

2. ther e is a c onstr aint rule a  c f a1; : : : ;an g 2 P and c � jf ai j I j= ai gj; or

3. ther e is a weight rule a  w � f a1 = wa1 ; : : : ;an = wan g 2 P and

w � WSI (a1 = wa1 ; : : : ;an = wan ):

In tuitiv ely , the op erator TP giv es atoms that are necessarily true b y the rules of

P if the atoms in I are assumed to b e true. It follo ws that TP (I ) � I implies I j= P
in general. W e are no w ready to state a n um b er of prop erties of p ositiv e programs.

Prop osition 3.7 L et P b e a p ositive smodels pr o gr am.

1. F or any c ol le ction C of mo dels of P , the interse ction

T
C is also a mo del of P .

2. The pr o gr am P has a unique minimal mo del M , i.e., the least mo del LM( P) of P .

3. The le ast mo del LM( P) =
T

f I � Hb(P) j I j= Pg and LM( P) = lfp(T P ) .

Moreo v er, p ositiv e programs are monotonic in the sense that P1 � P2 implies

LM( P1) � LM( P2) . Giv en the least mo del seman tics for p ositiv e programs, it b e-

comes straigh tforw ard to generalize the stable mo del seman tics (Gelfond and Lif-

sc hitz 1988) for programs in v olving default negation. The k ey idea is to use the

reduction from De�nition 3.4, but the e�ect of compute statemen ts m ust also b e

tak en in to accoun t as they are dropp ed out b y De�nition 3.4. T o this end, w e de�ne

CompS(P) as the union of literals app earing in the compute statemen ts (5) of P .

De�nition 3.8 A n interpr etation M � Hb(P) is a stable mo del of an smodels

pr o gr am P if and only if M = LM( PM ) and M j= CompS(P) .

De�nition 3.8 rev eals the purp ose of compute statemen ts: they are used to select

particular mo dels among those satisfying the con v en tional �xed p oin t condition

from De�nition 3.1. Giv en an y logic program P , w e de�ne the set

SM(P) = f M � Hb(P) j M = LM( PM ) and M j= CompS(P)g: (7)

In analogy to the case of normal logic programs, the n um b er of stable mo dels ma y
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v ary in general. A p ositiv e program P has a unique stable mo del LM( P) as PM = P
holds; recall that compute statemen ts are not allo w ed in p ositiv e programs. It is also

w orth noting that M = LM( PM ) and M j= CompS(P) imply M j= P , i.e., stable

mo dels are also classical mo dels in the sense of De�nition 3.2. Ho w ev er, the con v erse

do es not hold in general, i.e., M j= P need not imply M = LM( PM ) although it

certainly implies M j= CompS(P) . F or example, in terpretations M 1 = f ag and

M 2 = f a; bg are mo dels of the program P = f a  1 f� a; � bg: g, but only M 1 is

stable. T o v erify this, note that PM 1 = f a  0 fg : g and PM 2 = f a  1 fg : g.

Example 3.9 R e c al l the pr o gr am P fr om Example 2.2. A c c or ding to smodels

ther e ar e 33 ac c eptable or ders that ar e c aptur e d by the stable mo dels of P . One

of them is M 7 = f acceptable; happy; lemon; tea; biscuitg. The r e ader is kind ly aske d

to verify M 7 = LM( PM 7 ) and M 7 j= CompS(P) using the r e duct PM 7
liste d b elow.

tea. biscuit.

cognac co�ee.

lemon tea.

mess milk; lemon.

happy 1 f biscuit; cake; cognacg.

bankrupt  6 � f co�ee = 1 ; tea = 1 ; biscuit= 1 ; cake= 2 ; cognac= 4 g.

acceptable happy.

4 Notions of Equiv alence

W e b egin this section b y reviewing t w o fundamen tal notions of equiv alence that

ha v e b een prop osed for logic programs, namely we ak and str ong equiv alence, and

p oin t out some of their limitations. This is wh y w e resort to another notion of

equiv alence in Section 4.1: visible equiv alence is a v arian t of w eak equiv alence whic h

tak es the visibilit y of atoms b etter in to accoun t. Then w e are ready to iden tify the

resp ectiv e v eri�cation problem in Section 4.2 and discuss in whic h w a y in visible

atoms render the v eri�cation problem more di�cult. This serv es as a starting p oin t

for c haracterizing a sub class of programs for whic h visible equiv alence can b e v eri�ed

using a translation-based tec hnique in analogy to (Janh unen and Oik arinen 2002).

Lifsc hitz et al. (2001) address t w o ma jor notions of equiv alence for logic programs.

The �rst one arises naturally from the stable mo del seman tics.

De�nition 4.1 L o gic pr o gr ams P and Q ar e w eakly equiv alen t , denote d P � Q ,

if and only if SM(P) = SM( Q) , i.e., P and Q have the same stable mo dels.

The second notion is de�nable in terms of the �rst and the de�nition is giv en

relativ e to a class of logic programs whic h is represen ted b y R b elo w. Of course, a

natural c hoice for us w ould b e the class of smodels programs but that is not made

explicit in the follo wing de�nition.

De�nition 4.2 L o gic pr o gr ams P and Q ar e strongly equiv alen t , denote d P � s Q ,

if and only if P [ R � Q [ R for any lo gic pr o gr am R .
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Here the program R can b e understo o d as an arbitrary con text in whic h the

other t w o programs P and Q b eing compared could b e placed. This is ho w strongly

equiv alen t logic programs can b e used as seman tics preserving substitutes of eac h

other. This feature mak es � s a c ongruenc e r elation o v er the class of logic programs

under consideration: if P � s Q holds, then also P [ R � s Q [ R holds for an y

R . Moreo v er, it is easy to see that P � s Q implies P � Q , but not necessarily

vice v ersa: � s relates far few er programs than � as demonstrated in Example 4.3.

This explains wh y w e call � the we ak e quivalenc e relation for the class of logic

programs in tro duced in Sections 2 and 3. It is w orth p oin ting out that whereas �
is an equiv alence relation it do es not p ermit substitutions ( P � Q do es not imply

P [ R � Q [ R in general) and hence it do es not qualify as a congruence relation.

Example 4.3 Consider P = f a  � b: g and Q = f a: g. It is e asy to se e that

SM(P) = SM( Q) = ff agg and P � Q . However, when joine d with R = f b: g, we

note that SM(P [ R) 6= SM( Q [ R) holds so that P 6�s Q . The pr o gr ams P and Q
ar e not classic al ly e quivalent either as M j= P and M 6j= Q hold for M = f bg.

Although the relation � s app ears attractiv e at �rst glance, a dra wbac k is that it is

quite restrictiv e, allo wing only rather straigh tforw ard seman tics-preserving transfor-

mations of (sets of ) rules. In fact, Lifsc hitz et al. (2001) c haracterize � s in Heyting's

logic her e-and-ther e (HT) whic h is an in termediary logic b et w een in tuitionistic and

classical prop ositional logics. This result implies that eac h program transformation

admitted b y � s is based on a classical equiv alence of the part b eing replaced (sa y P )

and its substitute (sa y Q ), i.e., P � s Q implies that P and Q are classically equiv a-

len t. Ho w ev er, the con v erse is not true in general as there are classically equiv alen t

programs that are not strongly equiv alen t.

Example 4.4 The pr op ositional sentenc e a $ (: a ! a) is classic al ly valid �

suggesting a pr o gr am tr ansformation that r eplac es P = f a: g by Q = f a  � a: g.

However, sinc e SM(P) = ff agg and SM(Q) = ; , we have P 6� Q and P 6�s Q
although P and Q ar e classic al ly e quivalent.

Since � s is a congruence relation, it is b etter applicable to subpr o gr ams or pr o gr am

mo dules constituting larger programs rather than complete programs. In con trast to

this, w eak equiv alence is mainly targeted to the comparison of complete programs

in terms of their stable mo dels. Due to the nature of ASP , this is often the ultimate

question confron ted b y a programmer when optimizing and debugging programs.

F or this reason, w e concen trate on the problem of v erifying w eak equiv alence in this

pap er and w e lea v e the mo dularization asp ects of w eak and visible equiv alence to

b e addressed elsewhere (Oik arinen and Janh unen 2006).

4.1 Visible Equivalenc e

W e do not �nd the notion of w eak equiv alence totally satisfactory either. F or P � Q
to hold, the stable mo dels in SM(P) and SM(Q) ha v e to b e iden tical subsets of

Hb(P) and Hb(Q) , resp ectiv ely . This mak es � less useful if Hb(P) and Hb(Q)
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di�er b y some (in)visible atoms whic h are not trivially false in all stable mo dels.

As already discussed in Section 2, suc h atoms are needed when some auxiliary

concepts are formalized using rules. The use of suc h atoms/concepts ma y lead to

more concise enco dings of problems as demonstrated b y our next example.

Example 4.5 Consider the fol lowing pr o gr ams c onsisting of b asic rules, choic e

rules, and c ompute statements. The p ar ameter n b elow is an o dd natur al numb er.

Pr o gr am Pn : f bit1; bit2; : : : ; bitn g:
odd  bit1; � bit2; : : : ; � bitn :
odd  � bit1; bit2; � bit3 : : : ; � bitn :
.

.

.

odd  bit1; bit2; bit3; � bit4 : : : ; � bitn :
odd  � bit1; bit2; bit3; bit4; � bit5 : : : ; � bitn :
.

.

.

odd  bit1; : : : ; bitn :
computef� oddg:

Pr o gr am Qn : f bit1; bit2; : : : ; bitn g:
odd1  bit1:
odd2  bit2; � odd1: odd2  � bit2; odd1:
.

.

.

oddn  bitn ; � oddn � 1: oddn  � bitn ; oddn � 1:
odd  oddn :
computef� oddg:

The �rst pr o gr am gener ates al l subsets B of BIT n = f bit1; bit2; : : : ; bitn g, an-

alyzes when jB j is o dd, and ac c epts only subsets with non-o dd (even) c ar dinality.

Thus Pn has 2n � 1
stable mo dels M � BIT n with jM j even but also 2n � 1

b asic rules

c apturing subsets with o dd c ar dinality. In c ontr ast, huge savings c an b e achieve d by

intr o ducing new atoms odd1; : : : ; oddn so that e ach oddi is supp ose d to b e true if and

only if jB \ f bit1; : : : ; bit i gj is o dd. Using these, the o ddness of jB j c an b e formalize d

in terms of 2n b asic rules. The r esulting pr o gr am Qn has 2n � 1
stable mo dels, but

they ar e not identic al with the stable mo dels of Qn due to new atoms involve d. Thus

we have SM(Qn ) 6= SM( Pn ) and Qn 6� Pn for every o dd natur al numb er n .

F rom the programmer's p oin t of view, the programs Pn and Qn solv e the same

problem and should b e considered equiv alen t if one neglects the in terpretations of

odd1; : : : ; oddn in the stable mo dels of Qn . T o this end, w e adopt a sligh tly more

general notion of equiv alence (Janh unen 2003; Janh unen 2006) whic h tak es the

visibilit y of atoms prop erly in to accoun t. The k ey idea is that when t w o programs

P and Q are compared, the hidden atoms in Hbh (P) and Hbh (Q) are considered to

b e lo cal to P and Q and th us negligible as far as the equiv alence of the programs

is concerned. In addition to this feature, a v ery strict (bijectiv e) corresp ondence of

stable mo dels is necessitated b y the notion of visible e quivalenc e .
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De�nition 4.6 L o gic pr o gr ams P and Q ar e visibly equiv alen t , denote d P � v Q ,

if and only if Hbv (P) = Hb v (Q) and ther e is a bije ction f : SM(P) ! SM(Q) such

that for every M 2 SM(P) , M \ Hbv (P) = f (M ) \ Hbv (Q) .

Prop osition 4.7 The r elation � v is an e quivalenc e r elation.

By de�ning Hbv (Pn ) = Hb v (Qn ) = BIT n for the programs Pn and Qn de�ned

in Example 4.5 w e obtain an in tuitiv e relationship Qn � v Pn . The bijection f
in v olv ed in this relationship maps a stable mo del M 2 SM(Qn ) to another f (M ) =
M \ BIT n 2 SM(Pn ) . Our follo wing example demonstrates the case in whic h b oth

SM(P) and SM(Q) ha v e stable mo dels that cannot b e distinguished if pro jected

to Hbv (P) = Hb v (Q) , i.e., there are stable mo dels M; N 2 SM(P) suc h that M \
Hbv (P) = N \ Hbv (P) and analogously for Q . Ho w ev er, this do es not necessarily

exclude the p ossibilit y for a bijection in the sense of De�nition 4.6.

Example 4.8 Consider lo gic pr o gr ams P = f a  b: a  c: b � c: c  � b: g and

Q = ff b; cg: a  b; c: a � b;� c: b c; � b: c b;� c: g with Hbv (P) = Hb v (Q) =
f ag and Hbh (P) = Hb h (Q) = f b; cg. The stable mo dels of P ar e M 1 = f a; bg and

M 2 = f a; cg wher e as for Q they ar e N1 = f ag and N2 = f a; b; cg. Thus P 6� Q is

cle arly the c ase, but we have a bije ction f : SM(P) ! SM(Q) , which maps M i to

N i for i 2 f 1; 2g, such that M \ Hbv (P) = f (M ) \ Hbv (Q) . Thus P � v Q holds.

A brief comparison of � v and � follo ws.

Prop osition 4.9 If Hb(P) = Hb( Q) and Hbh (P) = Hb h (Q) = ; , then P � Q
() P � v Q .

In w ords, the t w o relations coincide when all atoms are visible. There is only a

sligh t di�erence: � v insists on Hb(P) = Hb( Q) whereas � do es not. Nev ertheless,

it follo ws b y De�nition 2.3 that suc h a di�erence is of little accoun t: Herbrand bases

are alw a ys extendible to meet Hb(P) = Hb( Q) . The v alue of these observ ations is

that b y implemen ting � v w e obtain an implemen tation for � as w ell. W e will follo w

this strategy in Section 5. Moreo v er, it is also clear b y Prop osition 4.9 that � v is

not a congruence for [ and th us it do es not supp ort program substitutions lik e � s .

Visible equiv alence has its ro ots in the study of translation functions (Janh unen

2003; Janh unen 2006) and it w as prop osed as a faithfulness criterion for a trans-

lation function Tr b et w een classes of programs, i.e., P � v Tr( P) should hold for

all programs P . The bijectiv e relationship of stable mo dels ensures that a faithful

translation (see Theorem 6.10 for an instance) preserv es the n um b er of stable mo d-

els. This is highly desirable in ASP where stable mo dels corresp ond to solutions of

problems and the abilit y to coun t solutions correctly after p oten tial program trans-

formations is of in terest. Ho w ev er, this is not guaran teed, if w e consider w eak er

alternativ es of � v obtained in a general framew ork based on e quivalenc e fr ames

(Eiter et al. 2005). Visible equiv alence do es not really �t in to equiv alence frames

based on pr oje cte d answer sets . A pro jectiv e v arian t of De�nition 4.6 w ould simply

imp ose f M \ Hbv (P) j M 2 SM(P)g = f N \ Hbv (Q) j N 2 SM(Q)g on P and Q
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for P � vp Q to hold, whic h is clearly implied b y P � v Q but not vice v ersa. The

k ey observ ation is that a w eakly faithful translation function Tr , i.e., Tr satis�es

P � vp Tr( P) for all P , do es not necessarily preserv e the n um b er of stable mo dels �

con tradicting the general nature of ASP . As an illustration of these ideas, let us con-

sider P = f a  � b: b � a: g and Qn = Tr exp (P) = P [ f ci  � di : di  � ci : j
0 < i � ng where n > 0 is a parameter of Tr exp and Hbv (Q) = Hb v (P) = f a; bg
b y de�nition. It follo ws that SM(P) = ff ag; f bgg and Qn has 2n +1

stable mo dels

so that M \ f a; bg 2 SM(P) holds for eac h M 2 SM(Qn ) . Therefore P � vp Qn

but P 6�v Qn hold for ev ery n > 0, i.e., Tr exp w ould b e faithful only in the w eak er

sense. A dra wbac k of translation functions lik e Tr exp is that for su�cien tly large

v alues of n , it is no longer feasible to coun t the n um b er of stable mo dels of P using

its translation Qn whic h is only p olynomially longer than P .

Equiv alence relations pla y also a role in for getting . Giv en a logic program P
and a set of atoms F � Hb(P) , the goal is to remo v e all instances of atoms of

F from P but preserv e the seman tics of P as far as p ossible. Eiter and W ang

(2006) pro vide an accoun t of forgetting in the case of disjunctive logic programs.

The result of forgetting fg(P; F ) is not syn tactically unique but its stable mo dels

are de�ned as the � -minimal elemen ts of SM(P) n F = f M n F j M 2 SM(P)g.

F or instance, the program Pn in Example 4.5 is a v alid result of forgetting if w e

remo v e F = f odd1; : : : ; oddn g from Qn . W e note that forgetting a set of atoms F
is somewhat analogous to hiding F in P , i.e., setting Hbh (P) = F , but ob vious

di�erences are that Hb(fg(P; F )) \ F = ; b y de�nition and forgetting can a�ect

the n um b er of stable mo dels in con trast to hiding. Nev ertheless, Eiter and W ang

(2006) sho w that forgetting preserv es w eak equiv alence in the sense that P � Q
implies fg(P; F ) � fg(Q; F ) . This prop ert y is shared b y � v in the fully visible case

as addressed in Prop osition 4.9. In general, w e can establish the follo wing.

Prop osition 4.10 If P � v Q , then fg(P; Hbh (P)) � fg(Q; Hbh (Q)) .

Pr o of

Let us assume P � v Q whic h implies b oth Hbv (P) = Hb v (Q) and the exis-

tence of a bijection f in the sense of De�nition 4.6. Assuming fg(P; Hbh (P)) 6�
fg(Q; Hbh (Q)) , w e deriv e without loss of generalit y the existence of a stable mo del

M 2 SM(fg(P; Hbh (P))) suc h that M 62SM(fg(Q; Hbh (Q))) . Note that M is a

subset of Hb(fg(P; Hbh (P))) = Hb v (P) = Hb v (Q) = Hb(fg( Q; Hbh (Q))) and a

� -minimal elemen t in SM(P) n Hbh (P) de�ned in the preceding discussion.

Then consider an y M 0 2 SM(P) suc h that M = M 0n Hbh (P) . It follo ws b y the

prop erties of f that N 0 = f (M 0) 2 SM(Q) and N 0\ Hbv (Q) = M 0\ Hbv (P) = M .

Th us M = N 0 n Hbh (Q) b elongs to SM(Q) n Hbh (Q) . Let us then assume that M
is not � -minimal in this set, i.e., there is N 2 SM(Q) n Hbh (Q) suc h that N � M .

Using the prop erties of f and the same line of reasoning as ab o v e for M 0
and N 0

but in the other direction, w e learn that N 2 SM(P) n Hbh (P) holds for N � M .

A con tradiction, since M is � -minimal in this set.

It follo ws that M is also a � -minimal elemen t in SM(Q) n Hbh (Q) so that M 2
SM(fg(Q; Hbh (Q))) , a con tradiction.
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1: function EqNaive(P; Q) : Bo olean;

2: b egin

3: for M 2 SM(P) do

4: if M 6= LM( QM )
5: then return false;

6: for N 2 SM(Q) do

7: if N 6= LM( P N )
8: then return false;

9: return true

10: end

1: algorithm NotEq(P; Q) ;

2: b egin

3: c ho ose M � Hb(P ) and N � Hb(Q) ;

4: if M = LM( P M ) and M 6= LM( QM )
5: then accept ;

6: if N = LM( QN ) and N 6= LM( P N )
7: then accept ;

8: reject

9: end

(a) (b)

Fig. 1. A naiv e deterministic and a nondeterministic algorithm for v erifying P � Q and

P 6� Q , resp ectiv ely , when Hb(P) = Hb( Q) and all atoms of P and Q are visible.

4.2 Pr eliminary A nalysis of the Equivalenc e V eri�c ation Pr oblem

The de�nition of stable mo dels is based on the whole Herbrand base Hb(P) and

hence it neglects whic h atoms are visible and whic h not. The w eak equiv alence

relation � is based on the same line of thinking and in (Janh unen and Oik arinen

2002), w e presen ted metho ds for v erifying the w eak equiv alence of t w o programs

P and Q satisfying Hb(P) = Hb( Q) . A relativ ely naiv e approac h is to cross-c hec k

the stable mo dels in SM(P) and SM(Q) in order to establish SM(P) = SM( Q) and

th us P � Q . The resp ectiv e deterministic algorithm EqNaiveis describ ed in Figure

1 (a).

6
The algorithm ma y use an y algorithm suc h as the one giv en b y Simons

et al. (2002) for en umerating the stable mo dels of P and Q one at a time. Due

to FNP -completeness of the resp ectiv e function problem (Simons et al. 2002), the

computation of eac h mo del ma y require time exp onen tial in the length of input, i.e.,

jjP jj or jjQjj . The n um b er of stable mo dels to b e cross-c hec k ed b y a function call

EqNaive(P; Q) can also b e exp onen tial. Ho w ev er, the tests for instabilit y on lines

4 and 7 can b e clearly accomplished in p olynomial time. This is b ecause the least

mo del LM( R) of an y p ositiv e set of rules R can b e computed in time linear in jjRjj
using a generalization of the pro cedure dev elop ed b y Do wling and Gallier (1984).

On the other hand, w e get an upp er limit for the computational time complexit y

of the equiv alence v eri�cation problem b y insp ecting the nondeterministic algorithm

presen ted in Figure 1 (b). The idea is to select an in terpretation M for P (line 3)

and to v erify that M is a coun ter-example to P � Q (lines 4�7). Both tasks can

b e completed in time linear in jjP jj + jjQjj . Since NotEq(P; Q) accepts its input in

the nondeterministic sense if and only if P 6� Q , w e see that the equiv alence v eri-

fying problem is a problem in coNP . On the other hand, c hec king the existence of

a stable mo del for a giv en logic program forms an NP -complete decision problem

(Simons et al. 2002). Th us one can establish the coNP -completeness of the v eri�ca-

tion problem b y reducing the complemen t of the latter problem, i.e., c hec king that

6
F or the sak e of brevit y , compute statemen ts (5) are not co v ered b y EqNaive.
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a logic program do es not ha v e stable mo dels, to the problem of v erifying that P is

equiv alen t with f a  � ag � a program ha ving no stable mo dels. These observ a-

tions on computational complexit y suggest an alternativ e computational strategy

for solving the equiv alence v eri�cation problem (Janh unen and Oik arinen 2002;

Oik arinen and Janh unen 2004). The idea is that coun ter-examples for P � Q are

explicitly sp eci�ed in terms of rules and then pro v ed non-existen t using the same

searc h algorithm as what is used for the computation of stable mo dels.

Unfortunately , further sources of complexit y arise if w e allo w the use of hidden

atoms in smodels programs and consider � v rather than � . T o see this, let us

analyze ho w the op eration of EqNaive should b e mo di�ed in order to deal with

in visible atoms. In fact, eac h cross-c hec king step has to b e re�ned. It is no longer

enough to compute a stable mo del M for P . In addition to this, w e ha v e to c ount

ho w man y stable mo dels of P coincide with M up to Hbv (P) , i.e., determine the

n um b er n = jf N 2 SM(P) j N \ Hbv (P) = M \ Hbv (P)gj. Then it is su�cien t to

c hec k that Q has equally man y stable mo dels that coincide with M up to Hbv (P) .

This line of thinking applies directly to the pair of programs giv en in Example 4.8.

By n um b ering stable mo dels in the order they are encoun tered, w e obtain the

basis for a bijectiv e relationship as insisted b y De�nition 4.6. The bad news is that

the computational complexit y of coun ting mo dels app ears to b e m uc h higher than

�nding a mo del; see (Roth 1996) for the case of prop ositional satis�abilit y . Since

classical mo dels are easily captured with stable mo dels (Niemelä 1999), coun ting

stable mo dels of a logic program cannot b e easier than coun ting satisfying assign-

men ts for a set of prop ositional clauses. Th us the complexit y of v erifying � v app ears

to b e v ery high in general and restrictions on visible atoms do not seem to pro vide

us a w a y circum v en t the coun ting problem: If Hbv (P) = Hb v (Q) = ; is assumed,

then P � v Q if and only if P and Q ha v e the same n um b er of stable mo dels.

In order to a v oid mo del coun ting as discussed ab o v e, w e should restrict ourselv es

to logic programs P , for whic h the set f N 2 SM(P) j N \ Hbv (P) = M \ Hbv (P)g
con tains exactly one elemen t for eac h M 2 SM(P) . Then stable mo dels M; N 2
SM(P) can b e distinguished in terms of visible atoms:

M 6= N implies M \ Hbv (P) 6= N \ Hbv (P): (8)

De�nition 4.11 Given an smodels pr o gr am P , a set of interpr etations C �
2Hb( P )

is separable with Hbv (P) if (8) holds for al l M; N 2 C , and we say that P
has sep ar able stable mo dels if SM(P) is sep ar able with Hbv (P) .

Unfortunately , the separabilit y of P and Q do es not imply that EqNaive(P; Q)
and NotEq(P; Q) w ork correctly as Hbh (P) and Hbh (Q) di�er and ma y lead to un-

necessary disquali�cation of mo dels b y the p olynomial time tests M 6= LM( QM )
and N 6= LM( PN ) . These tests capture correctly conditions M 62SM(Q) and

M 62SM(P) , resp ectiv ely , but when all atoms are visible. Ho w ev er, a higher com-

putational complexit y is in v olv ed in the presence of in visible atoms. E.g. the for-

mer test w ould ha v e to b e replaced b y a computation v erifying that there is no

N 2 SM(Q) suc h that M \ Hbv (P) = N \ Hbv (Q) holds. This tends to push

the w orst case time complexit y of the equiv alence v eri�cation problem to the sec-
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ond lev el of p olynomial time hierarc h y (Sto c kmey er 1976). Th us it seems that w e

need a stronger restriction than separabilit y in order to k eep the problem of v er-

ifying P � v Q as a decision problem in coNP � an ob vious prerequisite for the

translation-based v eri�cation tec hnique in (Janh unen and Oik arinen 2002).

4.3 Pr o gr ams Having Enough Visible A toms

In the fully visible case, the complexit y of the v eri�cation problem is alleviated b y

the computation of least mo dels in algorithm NotEq(P; Q) . Those mo dels are unique

mo dels asso ciated with the resp ectiv e Gelfond-Lifsc hitz reductions of programs and

they pro vide the basis for detecting the (in)stabilit y of mo del candidates. Ha ving

suc h a unique mo del for eac h reduct is the k ey prop ert y that w e w ould lik e to carry

o v er to the case of programs in v olving in visible atoms. T o ac hiev e this, w e prop ose

a seman tical restriction for the class of logic programs as follo ws. Giv en a logic

program P and a set of atoms A � Hb(P) , w e write Av and Ah for A \ Hbv (P) and

A \ Hbh (P) , resp ectiv ely . Moreo v er, w e are going to use shorthands A , B , and H for

the resp ectiv e sets of atoms f a1; : : : ; an g, f b1; : : : ; bm g, and f h1; : : : ; hl g app earing

in rules (1) � (5). Analogously , the notations A = WA and � B = WB capture the

sets of w eigh ts asso ciated with A and B in the b o dy of (4). The goal of De�nition

4.12 is to extract the hidden part Ph=Iv of an smodels program P b y partially

ev aluating it with resp ect to an in terpretation I v � Hbv (P) for its visible part.

De�nition 4.12 F or an smodels pr o gr am P and an interpr etation I v � Hbv (P)
for the visible p art of P , the hidden p art of P r elative I v , denote d Ph=Iv , c ontains

1. a b asic rule h  Ah ; � Bh () ther e is a b asic rule h  A; � B in P such that

h 2 Hbh (P) and I v j= Av [ � Bv ;

2. a choic e rule f Hhg  Ah ; � Bh () ther e is a choic e rule f H g  A; � B in P
such that Hh 6= ; and I v j= Av [ � Bv ;

3. a c onstr aint rule h  c0 f Ah ; � Bhg () ther e is a c onstr aint rule h  c f A; � B g
in P such that h 2 Hbh (P) and c0 = max(0 ; c � jf l 2 Av [ � Bv j I v j= lgj) ;

4. a weight rule h  w0 � f Ah = WA h ; � Bh = WB h g () ther e is a weight rule

h  w � f A = WA ; � B = WB g in P such that h 2 Hbh (P) and

w0 = max(0 ; w � WSI v (Av = WA v ; � Bv = WB v )); (9)

5. and no c ompute statements.

This construction can b e view ed as a generalization of the simpli�cation op era-

tion simp(P; T; F) prop osed b y Cholewinski and T ruszczy«ski (1999) to the case of

smodels programs, but restricted in the sense that T and F are subsets of Hbv (P)
rather than Hb(P) . More precisely put, w e ha v e Ph=Iv = simp( P; I v ; Hbv (P) � I v )
for a normal program, i.e., a set of basic rules P .

Roughly sp eaking, our idea is to allo w the use of in visible atoms as long as they

do not in terfere with the n um b er of stable mo dels obtained for the visible part. W e

consider the in visible part of a program �w ell-b eha ving� in this sense if and only if

M = LM(( Ph=Iv )M ) has a unique �xp oin t M for ev ery I v � Hbv (P) . In particular,
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it should b e p oin ted out that De�nition 4.12 excludes compute statemen ts whic h

are not supp osed to a�ect this prop ert y (in p erfect analogy to De�nition 3.8).

De�nition 4.13 A n smodels pr o gr am P has enough visible atoms if and only if

Ph=Iv has a unique stable mo del for every I v � Hbv (P) .

This prop ert y can b e ac hiev ed for an y program b y making su�cien tly man y

atoms visible. T o see this, consider De�nition 4.12 when Hbv (P) = Hb( P) and

Hbh (P) = ; : it follo ws that Ph=Iv = ; for whic h the existence of a unique stable

mo del is immediate. Generally sp eaking, v erifying the prop ert y of ha ving enough

visible atoms can b e computationally quite hard in the w orst case, but this prop ert y

fa v orably trades o� the complexit y of v erifying � v as w e shall see in Section 5.

Prop osition 4.14 Che cking whether an smodels pr o gr am P has enough visible

atoms forms a coNP -har d de cision pr oblem EVA that b elongs to � p
2 .

Here the language EVA consists of smodels programs that ha v e enough visible

atoms. F or the pro of, w e in tro duce t w o further languages EVA � 1
and EVA � 1

.

The former includes those smodels programs P for whic h Ph=Iv has at most one

stable mo del for ev ery I v � Hbv (P) . The latter is de�ned analogously , but at

le ast one stable mo del for eac h Ph=Iv is demanded. It should b e no w clear that

EVA = EVA � 1 \ EVA � 1
whic h pro vides us a basis for complexit y analysis.

Pr o of of Pr op osition 4.14

T o sho w that EVA � 1 2 coNP , w e describ e a nondeterministic T uring mac hine

M > 1 that accepts the complemen t of EVA � 1 . Giv en a �nite smodels program P
as input, the mac hine M > 1 c ho oses nondeterministically t w o in terpretations I; J �
Hbv (P) and computes Q = Ph=Iv . Then M > 1 c hec ks in p olynomial time that

I v = Jv and I h 6= Jh as w ell as that b oth I h and Jh are stable mo dels of Q . If not,

it rejects the input and accepts it otherwise. It follo ws that M > 1 accepts P in the

nondeterministic sense if and only if P 62EVA � 1 . Hence EVA � 1 2 coNP .

The case of EVA � 1 is handled b y presen ting a nondeterministic mac hine M 0

whic h uses an NP oracle and whic h accepts the complemen t of EVA � 1 . The ma-

c hine M 0 c ho oses nondeterministically an in terpretation I v � Hbv (P) for the input

P . Then it computes Ph=Iv and consults an NP -oracle (Simons et al. 2002) to

c hec k whether Ph=Iv has a stable mo del. If not, it accepts the input and rejects it

otherwise. Giv en the oracle, these computations can b e accomplished in p olynomial

time. No w M 0 accepts P in the nondeterministic sense if and only if P 62EVA � 1 .

Th us w e ha v e established that EVA � 1 2 � p
2 .

W e ma y no w com bine M > 1 and M 0 in to one oracle mac hine M that accepts an

smodels program P () M > 1 accepts P or M 0 accepts P . Equiv alen tly , w e ha v e

P 62EVA � 1 or P 62EVA � 1 , i.e., P 62(EVA � 1 \ EVA � 1) = EVA . Since M is an

oracle mac hine with an NP oracle, w e ha v e actually sho wn that EVA 2 � p
2 .

T o establish coNP -hardness, w e presen t a reduction from 3SAT to EVA . So let

us consider an instance of SAT , i.e., a �nite set S = f C1; : : : ; Cn g of three-literal

clauses Ci of the form l1 _ l2 _ l3 where eac h l i is either an atom a or its classical
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negation : a. Eac h clause Ci is translated in to a rule u  f 1; f 2; f 3 where f i = a
for l i = : a and f i = � a for l i = a. The outcome is an smodels program PS whic h

consists of clauses of S translated in this w a y plus t w o additional rules s  � u
and x  s; � x . Moreo v er, w e de�ne Hbv (PS ) = Hb( S) and Hbh (PS ) = f u; s; xg
so that either (PS )h=Iv = f u: s  � u: x  s; � xg or (PS )h=Iv = f s  � u: x  
s; � xg dep ending on I v � Hbv (PS ) . It follo ws that S 2 3SAT () there is

an in terpretation J � Hb(S) suc h that J j= S () there is an in terpretation

I v = J � Hbv (PS ) suc h that u do es not app ear as a fact in (PS )h=Iv () there

is an in terpretation I v � Hbv (PS ) suc h that (PS )h=Iv has no stable mo dels ()
PS has not enough visible atoms, since (PS )h=Iv cannot ha v e sev eral stable mo dels.

Th us w e ma y conclude EVA to b e coNP -hard.

Although the classi�cation of EVA giv en in Prop osition 4.14 is not exact, ex-

p onen tial w orst case time complexit y should b e clear. Ho w ev er, there are certain

syn tactic classes of logic programs whic h are guaran teed to ha v e enough visible

atoms and no computational e�orts are needed to v erify this. F or instance, pro-

grams P for whic h Ph=Iv is alw a ys p ositiv e or str ati�e d (Apt et al. 1988) in some

sense. Note that suc h syn tactic restrictions need not b e imp osed on the visible part

of P whic h ma y then fully utilize expressiv eness of rules.

Example 4.15 Consider lo gic pr o gr ams P = f a  b: g, Q = f a  c: c  b: g,

and R = f a  � c: c  � d: d  b: g with Hbv (P) = Hb v (Q) = Hb v (R) = f a; bg.

Given I v = ; , the hidden p arts ar e Ph=Iv = ; , Qh=Iv = ; , and Rh=Iv = f c  
� d: g for which we obtain unique stable mo dels M P = M Q = ; and M R = f cg. On

the other hand, we obtain Ph=Jv = ; , Qh=Jv = f c: g, and Rh=Jv = f c  � d: d: g
for Jv = f a; bg. Thus the r esp e ctive unique stable mo dels of the hidden p arts ar e

NP = ; and NQ = f cg, and NR = f dg.

Next w e relate the prop ert y of ha ving enough visible atoms with the mo del sep-

aration prop ert y . The pro of of Lemma 4.16 tak es place in App endix A.

Lemma 4.16 L et P b e an smodels pr o gr am. If M � Hb(P) is a stable mo del of

P , then M h is a stable mo del of Ph=Mv as given in De�nition 4.12.

Prop osition 4.17 L et P b e an smodels pr o gr am. If P has enough visible atoms,

then P has sep ar able stable mo dels.

Pr o of

Supp ose that P is an smodels program whic h has enough visible atoms but SM(P)
is not separable with Hbv (P) . Then there are t w o stable mo dels N; M 2 SM(P) suc h

that M v = Nv but M h 6= Nh . Th us M h and Nh are stable mo dels of Ph=Mv = Ph=Nv

b y Lemma 4.16. A con tradiction as P has enough visible atoms.

The con v erse of Prop osition 4.17 do es not hold in general. Consider, for instance

P = f a  � a: b  a; � b: g with Hbv (P) = f ag. Since SM(P) = ; , it is trivially

separable with Hbv (P) . But for I v = f ag � Hbv (P) , the hidden part Ph=Iv = f b  
� b: g has no stable mo dels and th us P do es not ha v e enough visible atoms.
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5 T ranslation-Based V eri�cation

In this section, w e concen trate on dev eloping a translation-based v eri�cation tec h-

nique for visible equiv alence, i.e., the relation � v in tro duced in Section 4. Roughly

sp eaking, our idea is to translate giv en smodels programs P and Q in to a single

smodels program EQT( P; Q) whic h has a stable mo del if and only if P has a

stable mo del M for whic h Q do es not ha v e a stable mo del N suc h that M v = Nv .

W e aim to use suc h a translation for �nding a c ounter-example for P � v Q when

Hbv (P) = Hb v (Q) and b oth P and Q ha v e enough visible atoms. Note that if

Hbv (P) 6= Hb v (Q) , then P 6�v Q follo ws directly b y De�nition 4.6. As already dis-

cussed in Section 4, w e need the prop ert y of ha ving enough visible atoms to trade

o� computational complexit y so that a p olynomial translation is ac hiev able. The

go o d news is that the programs pro duced b y the fron t-end lp arse ha v e this prop-

ert y b y default unless to o man y atoms are explicitly hidden b y the programmer.

Our strategy for �nding a coun ter-examples M is based on the follo wing four steps.

1. Find a stable mo del M 2 SM(P) for P .

2. Find the unique stable mo del Nh for Qh=Mv .

3. F orm an in terpretation N = M v [ Nh .

4. Chec k that N 62SM(Q) , i.e., N 6= LM( QN ) or N 6j= CompS(Q) .

Here the idea is that the uniqueness of Nh with resp ect to M v excludes the

p ossibilit y that Q could p ossess another stable mo del N 0 6= N suc h that M v = N 0
v .

This follo ws essen tially b y Lemma 4.16: if N 0 2 SM(Q) w ere the case, then N 0
h

w ould b e unique for N 0
v = M v = Nv , i.e., N 0

h = Nh and N = N 0
.

In the sequel, w e presen t a translation function EQT that e�ectiv ely captures

the four steps listed ab o v e within a single smodels program EQT( P; Q) . In order

to com bine sev eral programs in one, w e ha v e to rename atoms and th us in tro duce

new atoms outside Hb(P) [ Hb(Q) :

� a new atom a�
for eac h atom a 2 Hbh (Q) and

� a new atom a�
for eac h atom a 2 Hb(Q) .

The former atoms will b e used in the represen tation of Qh=Mv while the latter are

to app ear in the translation of QN
. The in tuitiv e readings of a�

and a�
are that

a 2 Nh and a 2 LM( QN ) hold, resp ectiv ely . F or notational con v enience, w e extend

the notations a�
and a�

for sets of atoms A as w ell as sets of p ositiv e rules R in the

ob vious w a y . F or instance, A �
denotes f a� j a 2 Ag for an y A � Hbh (Q) .

De�nition 5.1 L et P and Q b e smodels pr o gr ams such that Hbv (P) = Hb v (Q) .

The tr anslation EQT( P; Q) = P [ Hidden� (Q) [ Least� (Q) [ UnStable(Q) extends

P with thr e e sets of rules to b e made pr e cise by De�nitions 5.2�5.4. A toms c, d,

and e intr o duc e d in De�nition 5.4 ar e assume d to b e new.

As regards our strategy for represen ting coun ter-examples, the rules in the trans-

lation EQT( P; Q) pla y the follo wing roles. The rules of P capture a stable mo del

M for P while the rest of the translation ensures that Q do es not ha v e a stable
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mo del N suc h that M v = Nv . T o mak e the forthcoming de�nitions more accessi-

ble for the reader, w e use simple normal programs P = f a  � b: b � a: g and

Q = f a  b;� a: b  � a: g with Hbv (P) = Hb v (Q) = f ag as our running example.

The rules con tributed b y De�nitions 5.1�5.4 are collected together in Fig. 2.

De�nition 5.2 The tr anslation Hidden� (Q) of an smodels pr o gr am Q c ontains

1. a b asic rule h�  A �
h ; Av ; � B �

h ; � Bv for e ach b asic rule

h  A; � B in Q with h 2 Hbh (Q) ;

2. a c onstr aint rule h�  c f A �
h ; Av ; � B �

h ; � Bv g for e ach c onstr aint rule

h  c f A; � B g in Q with h 2 Hbh (Q) ;

3. a choic e rule f H �
h g  A �

h ; Av ; � B �
h ; � Bv for e ach choic e rule

f H g  A; � B in Q with Hh 6= ; ; and

4. a weight rule h�  w � f A �
h = WA �

h
; Av = WA v ; � B �

h = WB �
h
; � Bv = WB v g for

e ach weight rule h  w � f A = WA ; � B = WB g in Q with h 2 Hbh (Q) .

The translation Hidden� (Q) includes rules whic h pro vide a represen tation for the

hidden part Qh=Mv whic h dep ends dynamically on M v . This is ac hiev ed b y lea ving

the visible atoms from Hbv (Q) = Hb v (P) un touc hed. Ho w ev er, the hidden parts of

rules are renamed systematically using atoms from Hbh (Q)�
. This is to capture the

unique stable mo del Nh of Qh=Mv but renamed as N �
h .

7
In our running example,

the program Q has only one rule with a hidden atom b in its head and that rule

gets translated in to b�  � a due to the visibilit y of a.

De�nition 5.3 The tr anslation Least� (Q) of an smodels pr o gr am Q c onsists of

1. a rule h�  A � ; � Bv ; � B �
h for e ach b asic rule h  A; � B in Q ;

2. a rule h�  c f A � ; � Bv ; � B �
hg for e ach c onstr aint rule h  c f A; � B g in Q ;

3. a rule h�  A � [ f hg; � Bv ; � B �
h (r esp. h�  A � [ f h� g; � Bv ; � B �

h ) for e ach choic e

rule f H g  A; � B in Q and he ad atom h 2 H v (r esp. h 2 Hh ); and

4. a rule h�  w � f A � = WA � ; � Bv = WB v ; � B �
h = WB �

h
g for e ach weight rule

h  w � f A = WA ; � B = WB g in Q .

The rules in Least� (Q) catc h the least mo del LM( QN ) for N = M v [ Nh but

expressed in Hb(Q) �
rather than Hb(Q) . Note that N is represen ted as M v [ N �

h

whic h explains the treatmen t of negativ e b o dy literals on the basis of visibilit y

in these rules. T w o rules result for our running example. The negativ e literal � a
app earing in the b o dies of b oth rules is not sub ject to renaming b ecause a is visible.

De�nition 5.4 The tr anslation UnStable(Q) of an smodels pr o gr am Q includes

1. rules d  a; � a�
and d  a� ; � a for e ach a 2 Hbv (Q) ;

2. rules d  a� ; � a�
and d  a� ; � a�

for e ach a 2 Hbh (Q) ;

3. a rule c  � a� ; � d for e ach p ositive liter al a 2 CompS(Q) ;

4. a rule c  b� ; � d for e ach ne gative liter al � b 2 CompS(Q) ;

7
F or the sak e of simplicit y , it is assumed that Q do es not in v olv e compute statemen ts referring

to in visible atoms in order to ac hiev e the prop ert y of ha ving enough visible atoms.
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P : a  � b: b � a:
Hidden� (Q) : b�  � a:

Least� (Q) : a�  b� ; � a: b�  � a:
UnStable(Q) : d  a; � a� : d  a� ; � a:

d  b� ; � b� : d  b� ; � b� :
e  c: e  d:
compute f eg:

Fig. 2. The rules of the translation EQT( P; Q) for P = f a  � b: b � a: g and

Q = f a  b;� a: b  � a: g where a is visible and b is hidden.

5. rules e  c and e  d; and

6. a c ompute statement computef eg.

The purp ose of UnStable(Q) is to disqualify N as a stable mo del of Q . The rules

in Items 1 and 2 c hec k if N and LM( QN ) di�er. If not, then the rules in Items 3

and 4 c hec k if LM( QN ) violates some compute statemen t of Q . The rules in Item

5 summarize the t w o p ossible reasons wh y Q do es not ha v e a stable mo del N suc h

that M v = Nv . This is then insisted b y the compute statemen t in Item 6. In our

running example, the program Q is free of compute statemen ts and hence only rules

for d and e are included in the translation.

Example 5.5 The tr anslation EQT( P; Q) given in Fig. 2 has two stable mo dels

f a; d; eg and f b; b� ; a� ; b� ; d; eg fr om which we c an r e ad o� c ounter-examples M 1 =
f ag and M 2 = f bg for P � v Q and the r esp e ctive disquali�e d interpr etations for

Q , i.e., N1 = f ag and N2 = f bg. The mo dels LM( QN 1 ) = ; and LM( QN 2 ) = f a; bg
ar e also e asy to extr act by pr oje cting the stable mo dels of EQT( P; Q) with f a� ; b� g.

As regards the translation EQT( P; Q) as whole, w e note that Hb(EQT( P; Q))
equals to Hb(P) [ Hbh (Q)� [ Hb(Q) � [ f c; d; eg. Moreo v er, the translation is close

to b eing linear. Item 3 in De�nition 5.1 mak es an exception in this resp ect, but

linearit y can b e ac hiev ed in practise b y in tro ducing a new atom br for eac h c hoice

rule r . Then the rules in the fourth item can b e replaced b y h�  h; br (resp.

h�  h� ; br ) and br  A � ; � Bv ; � B �
h . Ho w ev er, w e use the curren t de�nition in

order to a v oid the in tro duction of further new atoms.

Let us then address the correctness of the translation EQT( P; Q) . W e b egin b y

computing the Gelfond-Lifsc hitz reduct of the translation EQT( P; Q) .

Lemma 5.6 L et P and Q b e two smodels pr o gr ams such that Hbv (P) = Hb v (Q)
and I � Hb(P) [ Hbh (Q)� [ Hb(Q) � [ f c; d; eg an interpr etation of EQT( P; Q) .

Mor e over, de�ne M = I \ Hb(P) , Nh = f a 2 Hbh (Q) j a� 2 I g, N = M v [ Nh , and

L = f a 2 Hb(Q) j a� 2 I g so that N �
h = I \ Hbh (Q)�

and L � = I \ Hb(Q) �
.

The Gelfond-Lifschitz r e duct EQT( P; Q)I
c onsists of PM

extende d by r e ducts

Hidden� (Q)I
, Least� (Q)I

, and UnStable(Q)I
sp e ci�e d as fol lows.

First, the r e duct Hidden� (Q)I
includes



The ory and Pr actic e of L o gic Pr o gr amming 23

1. a rule h�  A �
h ; Av () ther e is a b asic rule h  A; � B in Q such that h 2

Hbh (Q) , and N j= � B ;

2. a rule h�  c0 f A �
h ; Av g wher e c0 = max(0 ; c � jf b 2 B j N j= � bgj) () ther e is

a c onstr aint rule h  c f A; � B g in Q such that h 2 Hbh (Q) ;

3. a rule h�  A �
h ; Av () ther e is a choic e rule f H g  A; � B in Q such that

h 2 Hh 6= ; , Nh j= h , and N j= � B ; and

4. a rule h�  w0 � f A �
h = WA �

h
; Av = WA v g wher e w0 = max(0 ; w � WSN (� B =

WB )) () ther e is a weight rule h  w � f A = WA ; � B = WB g in Q such that

h 2 Hbh (Q) .

Se c ond, the r e duct Least� (Q)I
c onsists of

5. a rule h�  A � () ther e is a b asic rule h  A; � B in Q such that N j= � B ;

6. a rule h�  c0 f A � g wher e c0 = max(0 ; c � jf b 2 B j N j= � bgj) () ther e is a

c onstr aint rule h  c f A; � B g in Q ;

7. a rule h�  A � [ f hg (r esp. h�  A � [ f h� g) () ther e is a choic e rule f H g  
A; � B in Q with h 2 H v (r esp. h 2 Hh ) such that N j= � B ; and

8. a rule h�  w0 � f A � = WA � g wher e w0 = max(0 ; w � WSN (� B = WB )) ()
ther e is a weight rule h  w � f A = WA ; � B = WB g in Q .

Thir d, the set UnStable(Q)I
c ontains

9. a rule d  a () ther e is a 2 Hbv (Q) such that L 6j= a;

10. a rule d  a� () ther e is a 2 Hbh (Q) such that L 6j= a;

11. a rule d  a� () ther e is a 2 Hb(Q) such that N 6j= a;

12. the fact c  () ther e is a 2 CompS(Q) such that L 6j= a and I 6j= d;

13. a rule c  b� () ther e is � b 2 CompS(Q) and I 6j= d; and

14. the rules e  c and e  d.

Lemma 5.6 can b e easily v eri�ed b y insp ecting the de�nition of the translation

EQT( P; Q) (De�nitions 5.1�5.4) rule b y rule and using the de�nitions of M , N ,

and L as w ell as the generalization of Gelfond-Lifsc hitz reduct for the v arious rule

t yp es (De�nition 3.4). The follo wing prop osition summarizes a n um b er prop erties

of LM(EQT( P; Q)I ) whic h are used in the sequel to pro v e our main theorem.

Prop osition 5.7 L et P , Q , I , M , N , and L b e de�ne d as in L emma 5.6. De�ne

c onditions (i) M = LM( PM ) , (ii) Nh = LM(( Qh=Mv )N h ) , and (iii) L = LM( QN ) .

1. LM(EQT( P; Q)I ) \ Hb(P) = LM( PM ) .

2. If (i), then LM(EQT( P; Q)I ) \ Hbh (Q)� = LM(( Qh=Mv )N h )�
.

3. If (i) and (ii), then LM(EQT( P; Q)I ) \ Hb(Q) � = LM( QN )�
.

4. If (i), (ii), and (iii), then the set of atoms A = LM(EQT( P; Q)I ) \ f c; d; eg satis�es

(a) d 2 A () N 6= L ,

(b) c 2 A () d 62I and L 6j= CompS(Q) , and

(c) e 2 A () c 2 A or d 2 A .

Theorem 5.8 L et P and Q b e two smodels pr o gr ams such that Hbv (P) = Hb v (Q)
and Q has enough visible atoms. Then the tr anslation EQT( P; Q) has a stable mo del

if and only if ther e is M 2 SM(P) such that for al l N 2 SM(Q) , Nv 6= M v .
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The pro ofs of Prop osition 5.7 and Theorem 5.8 are giv en in App endix A. As a

corollary of Theorem 5.8, w e obtain a new metho d for v erifying the visible equiv a-

lence of P and Q . W eak equiv alence � is co v ered b y making all atoms of P and Q
visible whic h implies that the programs in question ha v e enough visible atoms.

Corollary 5.9 L et P and Q b e two smodels pr o gr ams so that Hbv (P) = Hb v (Q)
and b oth P and Q have enough visible atoms. Then P � v Q if and only if the

tr anslations EQT( P; Q) and EQT( Q; P) have no stable mo dels.

5.1 Computational Complexity R evisite d

In this section, w e review the computational complexit y of v erifying visible equiv-

alence of smodels programs using the reduction in v olv ed in Theorem 5.8. First,

w e will in tro duce languages corresp onding to the decision problems of our in terest

and analyze their w orst-case time complexities. The main goal is to establish that

the v eri�cation of visible equiv alence forms a coNP -complete decision problem for

smodels programs that ha v e enough visible atoms.

De�nition 5.10 F or any smodels pr o gr ams P and Q ,

� P 2 SM () ther e is a stable mo del M 2 SM(P) ;

� hP; Qi 2 IMPR () Hbv (P) = Hb v (Q) and for e ach M 2 SM(P) , ther e is

N 2 SM(Q) such that Nv = M v ;

� hP; Qi 2 IMPL () h Q; P i 2 IMPR ; and

� hP; Qi 2 EQV () P � v Q .

The computational complexit y of SM is already w ell-understo o d: it forms an

NP -complete decision problem (Marek and T ruszczy«ski 1991; Simons et al. 2002)

and th us its complemen t SM is coNP -complete.

Theorem 5.11 IMPR , IMPL , and EQV ar e coNP -c omplete de cision pr oblems

for smodels pr o gr ams having enough visible atoms.

Pr o of

Let us establish that (i) IMPR 2 coNP and (ii) SM can b e reduced to IMPR .

(i) Let P and Q b e t w o smodels programs ha ving enough visible atoms. Then de�ne

a reduction r from IMPL to SM b y setting r (P; Q) = EQT( P; Q) if Hbv (P) =
Hbv (Q) and r (P; Q) = ; otherwise. T o justify that r (P; Q) can b e computed in

p olynomial time w e mak e the follo wing observ ations. The condition Hbv (P) =
Hbv (Q) can b e v eri�ed in linear time if atoms in Hbv (P) and Hbv (Q) are or-

dered, e.g., alphab etically . If not, sorting can b e done in time of O(n logn) where

n = max( jHbv (P)j; jHbv (Q)j) . Moreo v er, w e can iden tify four subprograms of

EQT( P; Q) , i.e., P , Hidden� (Q) , Least� (Q) , and UnStable(Q) in De�nition 5.1

whose lengths dep end mostly linearly on jjP jj , jjQjj , and jHb(Q)j , resp ectiv ely .

The rules of Item 3 mak e the only exception with a quadratic blo w-up.
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It follo ws b y De�nition 5.10 and Theorem 5.8 that hP; Qi 2 IMPR () r (P; Q) 62
SM , i.e., r (P; Q) 2 SM . Since SM 2 coNP (Simons et al. 2002) and r is a

p olynomial time reduction from IMPR to SM , IMPR 2 coNP .

(ii) Let R b e an y smodels program. No w R 2 SM () R 62SM () SM(R) = ; .

Then consider an y smodels program ? ha ving no stable mo dels, i.e., SM(? ) = ; ,

with a visible Herbrand base Hbv (? ) = Hb v (R) . It follo ws that SM(R) = ; ()
hR; ?i 2 IMPR . Th us R 2 SM () h R; ?i 2 IMPR .

Items (i) and (ii) ab o v e imply that IMPR is coNP -complete. The classi�cation

of IMPL follo ws b y a trivial reduction hP; Qi 2 IMPR () h Q; P i 2 IMPL
that w orks in b oth directions, i.e., from IMPR to IMPL and bac k.

The case of EQV follo ws. De�nitions 4.6 and 5.10 imply that hP; Qi 2 EQV
() h P; Qi 2 IMPR and hP; Qi 2 IMPL . Th us EQV = IMPR \ IMPL and

EQV 2 coNP as coNP is closed under in tersection. The coNP -hardness of EQV
follo ws easily as it holds for an y smodels program R and a trivial smodels program

? with SM(? ) = ; and Hbv (? ) = Hb v (R) that R 2 SM () h R; ?i 2 EQV .

Th us w e ma y conclude that EQV is coNP -complete.

6 W eigh t Constrain t Programs

The v eri�cation metho d presen ted in Section 5 co v ers the class of smodels pro-

grams as de�ned in Section 2. This class corresp onds v ery closely to the input

language of the smodels searc h engine but it excludes optimization statements

whic h will not b e addressed in this pap er. In this section w e concen trate on ex-

tending our translation-based v eri�cation metho d for the input language supp orted

b y the fron t-end of the smodels system, namely lp arse (Syrjänen 2001; Syrjänen

and Niemelä 2001). The class of weight c onstr aint pr o gr ams (Simons et al. 2002)

pro vides a suitable abstraction of this language in the prop ositional case.

8
Simons

et al. (2002) sho w ho w w eigh t constrain t programs can b e transformed in to smod-

els programs using a mo dular translation that in tro duces new atoms. Our strategy

is to use this translation to establish that the w eak equiv alence of t w o w eigh t con-

strain t programs reduces to the visible equiv alence of the resp ectiv e translations.

Next w e in tro duce the syn tax and seman tics of w eigh t constrain t programs. Re-

calling the syn tax of w eigh t rules (4), a natural w a y to extend their expressiv eness

is to allo w more v ersatile use of w eigh ts as w ell as constrain ts asso ciated with them.

This is ac hiev ed b y recognizing w eigh t constrain ts as �rst-class citizens and using

them as basic building blo c ks of rules instead of plain atoms.

De�nition 6.1 A weight c onstr aint C is an expr ession of the form

l � f a1 = wa1 ; : : : ; an = wan ; � b1 = wb1 ; : : : ; � bm = wbm g � u; (10)

wher e ai 's and bj 's ar e atoms, and l , u , wa i 's, and wbj 's ar e natur al numb ers.

8
Since lp arse is resp onsible for instan tiating v ariables and pre-in terpreting certain function

sym b ols the input language is actually m uc h more general.
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As b efore, w e use a shorthand l � f A = WA ; � B = WB g � u for a w eigh t

constrain t (10) where A = f a1; : : : ; an g and B = f b1; : : : ; bm g are the sets of atoms

app earing in the constrain t. The n um b ers l and u giv e the resp ectiv e lower and

upp er b ounds for the constrain t. De�nition 6.1 can b e extended to the case where

in tegers rather than natural n um b ers are used as w eigh ts. Ho w ev er, negativ e w eigh ts

can b e translated a w a y (Simons et al. 2002) from w eigh t constrain ts.

De�nition 6.2 A weight c onstr aint rule is an expr ession of the form

C0  C1; : : : ; Cr (11)

wher e Ci is a weight c onstr aint for e ach i 2 f 0; : : : ; r g.

A w eigh t constrain t program is a program consisting of w eigh t constrain t rules.

As a w eigh t constrain t rule (11) is a generalization of a w eigh t rule (4), w e can de�ne

the satisfaction relation for w eigh t constrain t programs in analogy to De�nition 3.2.

De�nition 6.3 F or a weight c onstr aint pr o gr am P and an interpr etation I �
Hb(P) ,

1. a weight c onstr aint C of the form l � f A = WA ; � B = WB g � u is satis�e d in I
() l � WSI (A = WA ; � B = WB ) � u ,

2. a weight c onstr aint rule of the form C0  C1; : : : ;Cr is satis�e d in I () I j= C0

is implie d by I j= C1 , : : :, and I j= Cr , and

3. I j= P () I j= r for every weight c onstr aint rule r 2 P .

The stable mo del seman tics of normal programs Gelfond and Lifsc hitz (1988)

can b e generalized to the case of w eigh t constrain t programs using the reduction

devised for them b y Simons et al. (2002).

De�nition 6.4 Given an interpr etation I for a weight c onstr aint C of the form

l � f A = WA ; � B = WB g � u , the r e duct C I
is the c onstr aint l0 � f A = WA g

wher e the lower b ound l0 = max(0 ; l � WSI (� B = WB )) .

De�nition 6.5 F or a weight c onstr aint pr o gr am P and an interpr etation I �
Hb(P) , the r e duct P I

c ontains a r e duc e d weight c onstr aint rule h  C I
1 ; : : : ; C I

r

for e ach C0  C1; : : : ; Cr 2 P and h 2 A0 \ I satisfying for al l i 2 f 1; : : : ; r g,

WSI (A i = WA i ; � B i = WB i ) � ui .

It should b e p oin ted out that P I
consists of Horn c onstr aint rules of the form

h  C1; : : : ; Cr , where h is an atom, eac h constrain t Ci con tains only p ositiv e

literals and has only a lo w er b ound condition. W e sa y that a w eigh t constrain t

program P is p ositiv e if all the rules in P are Horn constrain t rules. Th us P I
is

p ositiv e b y de�nition. The prop erties of minimal mo dels carry o v er to the case of

w eigh t constrain t programs, to o. Th us a p ositive w eigh t constrain t program P has

a unique minimal mo del, the least mo del, LM( P) , and w e can de�ne stable mo dels

for w eigh t constrain ts programs almost in analogy to smodels programs.
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De�nition 6.6 A n interpr etation M � Hb(P) for a weight c onstr aint pr o gr am P
is a stable mo del of P () (i) M j= P and (ii) M = LM( PM ) .

This de�nition is only sligh tly di�eren t from De�nition 3.8 as M j= P () M j=
PM

do es not hold generally for w eigh t constrain t programs � making condition (i)

in De�nition 6.6 necessary . Ho w ev er, if w e consider the restricted language describ ed

in Section 2 and in terpret the rules in v olv ed as w eigh t constrain t rules (11), then

De�nitions 3.8 and 6.6 yield the same seman tics as stated b elo w. T o this end, w e

consider only c hoice rules (3) and w eigh t rules (4) without loss of generalit y . Simons

et al. (2002) enco de rules of these forms using the follo wing w eigh t constrain t rules:

0 � f h1 = 1 ; : : : ;hl = 1 g  

n + m � f a1 = 1 ; : : : ;an = 1 ; � b1 = 1 ; : : : ;� bm = 1g (12)

1 � f h = 1g  w � f a1 = wa1 ; : : : ;an = wan ; � b1 = wb1 ; : : : ;� bm = wbm g (13)

Prop osition 6.7 L et P b e an smodels pr o gr am and Pw its r epr esentation as a

weight c onstr aint pr o gr am. Then for any interpr etation M � Hb(P) = Hb( Pw ) ,

M = LM( PM ) () M j= Pw and M = LM( PM
w ) .

The pro of of this prop osition is giv en in App endix A. Simons et al. (2002) sho w

ho w w eigh t constrain t programs can b e translated in to smodels pr o gr ams consist-

ing only of basic rules (1), c hoice rules (3) and w eigh t rules (4). The translation is

highly mo dular so that eac h w eigh t constrain t rule can b e translated indep enden tly

of eac h other. Ho w ev er, in order to k eep the length of the translation linear, t w o new

atoms ha v e to b e in tro duced for eac h w eigh t constrain t app earing in a program.

De�nition 6.8 The tr anslation Tr SNS(C) of a weight c onstr aint C of the form

l � f A = WA ; � B = WB g � u is tr anslate d into two weight rules

sat(C)  l � f A = WA ; � B = WB g: (14)

unsat(C)  u + 1 � f A = WA ; � B = WB g: (15)

wher e sat(C) and unsat(C) ar e new atoms sp e ci�c to C .

De�nition 6.9 L et P b e a weight c onstr aint pr o gr am and f 62Hb(P) a new atom.

The tr anslation of P into an smodels pr o gr am Tr SNS(P) c onsists of

1. Tr SNS(C) for e ach weight c onstr aint C app e aring in P and

2. the fol lowing smodels rules intr o duc e d for e ach C0  C1; : : : ; Cr 2 P :

f A0g  sat(C1); � unsat(C1); : : : ; sat(Cr ); � unsat(Cr ): (16)

f  � sat(C0); sat(C1); � unsat(C1); : : : ; sat(Cr ); � unsat(Cr ): (17)

f  unsat(C0); sat(C1); � unsat(C1); : : : ; sat(Cr ); � unsat(Cr ): (18)

computef� f g: (19)

wher e A0 is the set of p ositive default liter als app e aring in C0 .

The visible Herbr and b ase of Tr SNS(P) is de�ne d by Hbv (Tr SNS(P)) = Hb v (P) .
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Let us then brie�y explain in tuitions underlying Tr SNS . The rules giv en in (14)

and (15) c hec k whether the lo w er b ound l of the w eigh t constrain t C is satis�ed the

upp er b ound u of C is not satis�ed, resp ectiv ely , and then sat(C) and unsat(C)
can b e inferred b y the rules accordingly . The c hoice rule in (16) mak es an y subset

of A0 true if the b o dy of the w eigh t constrain t rule is satis�ed in the sense of

De�nition 6.3, i.e., all lo w er b ounds and upp er b ounds are met. Finally , t w o basic

rules in (17) and (18) and the compute statemen t in (19) ensure the satisfaction

of the head constrain t C0 whenev er the b o dy C1; : : : ;Cr is satis�ed. A v ery tigh t

corresp ondence of stable mo dels is obtained using the translation Tr SNS(P) .

Theorem 6.10 The tr anslation function Tr SNS is faithful, i.e., P � v Tr SNS(P)
holds for al l weight c onstr aint pr o gr ams P .

The pro of of the theorem can b e found in App endix A. Theorem 6.10 and De�ni-

tion 6.9 imply together that the visible equiv alence of w eigh t constrain t programs

can b e reduced to that of smodels programs using Tr SNS .

Corollary 6.11 F or al l weight c onstr aint pr o gr ams P and Q ,

P � v Q () Tr SNS(P) � v Tr SNS(Q) .

Ho w ev er, w e ha v e to address the degree of visibilit y of atoms in the translation

Tr SNS(P) in order to apply the translation-based metho d presen ted in Section 5.

Recalling the limitations of the metho d, w e should establish that Tr SNS(P) and

Tr SNS(Q) ha v e enough visible atoms under some reasonable assumptions ab out P
and Q . F or the sak e of simplicit y , w e will only consider a relativ ely straigh tforw ard

setting made precise in Prop osition 6.12. Nev ertheless, it implies the applicabilit y

of our v eri�cation metho d to a substan tial class of w eigh t constrain t programs.

Prop osition 6.12 If P is a weight c onstr aint pr o gr am such that Hbh (P) = ; , then

Tr SNS(P) has enough visible atoms.

Pr o of

Let P b e an y w eigh t constrain t program suc h that Hbh (P) = ; , i.e., Hbv (P) =
Hb(P) . Moreo v er, let us pic k an y in terpretation I v � Hbv (P) . Since Hbh (P) = ;
w e ha v e I v = I so that I is actually an in terpretation for the whole program.

Let us then consider an y rule C0  C1; : : : ;Cr 2 P and its translation under

Tr SNS as giv en in De�nition 6.9. Since Hbv (Tr SNS(P)) = Hb v (P) b y de�nition and

I = I v , the rules in v olv ed in the translation con tribute to Ph=Iv as follo ws: (14)

is reduced to sat(Ci )  l0
i � fg where l0

i = max(0 ; l i � wi ) for wi = WS I v (A i =
WA i ; � B i = WB i ) ; (15) is reduced to unsat(Ci )  u0

i � fg where u0
i = max(0 ; (ui +

1) � wi ) ; (16) is dropp ed altogether as (A0)h = ; ; (17) and (18) remain in tact

b ecause they in v olv e only hidden atoms; and (19) is dropp ed b y de�nition.

Let us then v erify that Tr SNS(P)h=Iv is a str ati�e d program. After insp ecting the

dep endencies in the reduced rules, w e note that the hidden atoms in Hb(Tr SNS(P))
can b e assigned to strata as follo ws: the atoms sat(C) and unsat(C) asso ciated
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with w eigh t constrain ts C b elong to stratum 0 and f b elongs to stratum 1. Th us

Tr SNS(P) is essen tially a strati�ed normal logic program as the remainders of w eigh t

rules act as facts. Then Tr SNS(P) has a unique stable mo del (Apt et al. 1988).

By den ying o ccurrences of hidden atoms in w eigh t constrain t programs, w e obtain

a translation-based metho d for v erifying w eak equiv alence. Note that the require-

men t Hbv (P) = Hb v (Q) , i.e., Hb(P) = Hb( Q) in this case, can b e easily met b y

extending the Herbrand bases of programs as discussed in Section 2.

Corollary 6.13 L et P and Q two weight c onstr aint pr o gr ams such that Hbh (P) =
Hbh (Q) = ; and Hbv (P) = Hb v (Q) . Then P � Q () Tr SNS(P) � v Tr SNS(Q)
() the tr anslations EQT(Tr SNS(P); Tr SNS(Q)) and EQT(Tr SNS(Q); Tr SNS(P))
have no stable mo dels.

It seems that hidden atoms can b e tolerated in w eigh t constrain t programs to

some degree, but w e skip suc h an extension of Corollary 6.13 for space reasons.

Nev ertheless, the result established ab o v e enables us to implemen t the v eri�cation

of w eak equiv alence for the programs pro duced b y lp arse .

7 Exp erimen ts

The translation function EQT presen ted in Section 5 has b een implemen ted in C

under the Lin ux op erating system. The translator whic h w e ha v e named lpeq tak es

t w o logic programs P and Q as its input and pro duces the translation EQT( P; Q) as

its output. The implemen tation assumes the in ternal �le format of smodels whic h

enables us to use the fron t-end lp arse of smodels in conjunction with lpeq .

9
It

is y et imp ortan t to note that lpeq c hec ks that the visible Herbrand bases of the

programs b eing compared are exactly the same as insisted b y � v . In practice, visible

atoms are recognized as those ha ving a name in the sym b ol table of a program. The

latest v ersion of lpeq is also prepared to deal with programs in v olving invisible

atoms, e.g., in tro duced b y the fron t-end lp arse as discussed in Section 6. Before

pro ducing the translation EQT( P; Q) , the translator uses T arjan's algorithm to �nd

str ongly c onne cte d c omp onents for the dep endency graph of Qh when its c hec ks

that Qh=Iv is strati�able for all I v � Hbv (Q) . An o v erappro ximation is used in this

resp ect: all dep endencies of in visible atoms are tak en in to accoun t regardless of I v .

A successful test guaran tees that Q has enough visible atoms so that EQT( P; Q)
w orks correctly . Otherwise, an error message is prin ted for the user.

The curren t implemen tation ( lpeq v ersion 1.17) is a v ailable

10
in the WWW. The

�les related with b enc hmark problems and exp erimen ts rep orted in this section are

also pro vided. T o assess the feasibilit y of lpeq in practice w e p erformed a n um b er

of tests with di�eren t test cases. The running times of the lpeq approac h w ere

compared with those of a �ctitious approac h, i.e., the naive one:

1. Compute one stable mo del M of P not computed so far.

9
A textual h uman-readable output can also b e pro duced on request.

10
Please consult http://www.tcs.hut.fi/ Soft ware /lp eq/ for binaries and scripts in v olv ed.
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(a) Place a queen on eac h column

negq(X,Y2) :- q(X,Y), d(X), d(Y), d(Y2), Y2 != Y.

q(X,Y) :- not negq(X,Y), not q(X,Y2): d(Y2): Y2 != Y , d(X), d(Y).

hide negq(X,Y).

(b) Place a queen on eac h column using a c hoice rule

1 { q(X,Y):d(Y) } 1 :- d(X).

(c) Place a queen on eac h ro w

negq(X2,Y) :- q(X,Y), d(X), d(Y), d(X2), X2 != X.

q(X,Y) :- not negq(X,Y), not q(X2,Y): d(X2): X2 != X , d(X), d(Y).

hide negq(X,Y).

(d) Mak e sure that queens do not threaten eac h other (same ro w or diagonal)

:- d(X), d(Y), d(X1), q(X,Y), q(X1,Y), X1 != X.

:- d(X), d(Y), d(X1), d(Y1), q(X,Y), q(X1,Y1), X != X1, Y != Y1,

abs(X - X1) == abs(Y - Y1).

d(1..queens).

(e) Mak e sure that queens do not threaten eac h other (same column or diagonal)

:- d(X), d(Y), d(Y1), q(X,Y), q(X,Y1), Y1 != Y.

:- d(X), d(Y), d(X1), d(Y1), q(X,Y), q(X1,Y1), X != X1, Y != Y1,

abs(X - X1) == abs(Y - Y1).

d(1..queens).

Fig. 3. Enco ding the n - queens problem.

2. Chec k whether Q has a stable mo del N suc h that M v = Nv . Stop if not.

3. Con tin ue from step 1 un til all stable mo dels of P ha v e b een en umerated.

It is ob vious that a similar c hec k has to b e carried out in the other direction to

establish P � v Q in analogy to Corollaries 5.9 and 6.13.

There is still ro om for optimization in b oth approac hes. If one �nds a coun ter-

example in one direction, then P 6�v Q is kno wn to hold and there is no need

to do testing in the other direction except if one wishes to p erform a thorough

analysis. Since running times seem to scale di�eren tly dep ending on the direction,

w e coun t alw a ys running times in b oth directions. Ho w ev er, one should notice that

the searc h for coun ter-examples in one direction is stopp ed immediately after �nding

a coun ter-example. Since the running times of smodels ma y also dep end on the

order of rules in programs and literals in rules, w e sh u�e them randomly .

In b oth approac hes, the smodels system (v ersion 2.28) is resp onsible for the

computation of stable mo dels for programs that are instan tiated using the fron t-

end lp arse (v ersion 1.0.13). In the lpeq approac h, the total running time in one

direction is the running time needed b y smodels for trying to compute one stable

mo del of the translation pro duced b y lpeq . The translation time is also tak en

in to accoun t although it is negligible. The naive approac h has b een implemen ted

as a shell script. The running time in one direction consists of the running time

of smodels for �nding the necessary (but not necessarily all) stable mo dels of P
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T able 1. R esults for two e quivalent lo gic pr o gr ams ( n - queens ).

n SM

a tavg
b tavg RAR

c
CP avg

d
CP avg RI

e
R O

f

lpeq naive lpeq naive

1 1 0.000 0.080 - 0 0 7 28

2 0 0.000 0.051 - 0 0 38 130

3 0 0.003 0.051 17.000 0 0 124 384

4 2 0.019 0.120 6.316 0 2 300 884

5 10 0.042 0.454 10.810 5 18 600 1718

6 4 0.136 0.259 1.904 16 18 1058 2974

7 40 0.516 2.340 4.535 40 84 1708 4740

8 92 2.967 6.721 2.265 163 253 2584 7104

9 352 17.316 32.032 1.850 615 955 3720 10154

10 724 99.866 90.694 0.908 2613 3127 5150 13978

11 2680 617.579 451.302 0.731 11939 13662 6908 18664

a
Num b er of stable mo dels for Qx 1

n and Qx 2
n .

b
A v erage running time in seconds.

c
Ratio of a v erage running times.

d
A v erage n um b er of c hoice p oin ts during the searc h.

e
Num b er of rules in the input: jQx 1

n j + jQx 2
n j .

f
Num b er of rules in the output: jEQT( Qx 1

n ; Qx 2
n )j + jEQT( Qx 2

n ; Qx 1
n )j .

plus the running times of smodels for testing that the stable mo dels found are

also stable mo dels of Q . These tests are realized in practice b y adding M v [ f� a j
a 2 Hbv (Q) n M v g as a compute statemen t to Q . It is w orth noting that the naive

approac h do es not test in an y w a y that the stable mo del N of Q with M v = Nv is

unique. Ho w ev er, the set of b enc hmarks is selected in suc h a w a y that programs ha v e

enough visible atoms and the correctness of the naive approac h is guaran teed. All

the tests rep orted in this section w ere run under the Lin ux 2.6.8 op erating system

on a 1.7GHz AMD A thlon XP 2000+ CPU with 1 GB of main memory . As regards

timings in test results, w e rep ort the sum of user and system times.

7.1 The n -Que ens Benchmark

Our �rst exp erimen t w as based on the n - queens problem. W e v eri�ed the visible

equiv alence of three di�eren t form ulations whic h are v arian ts of one prop osed b y

Niemelä (1999, p. 260). The enco ding Qx 1
n consists of parts (a) and (d) giv en in

Fig. 3 and is designed so that queens are placed column-wise to the b oard. The

second program Qx 2
n consists of parts (b) and (d) giv en in Fig. 3, i.e., it is a v arian t

of Qx 1
n where the c hoice b et w een placing or not placing a queen in a particular cell of

the c hessb oard is equiv alen tly form ulated using a c hoice rule rather than plain basic

rules. The third program Qy
n , i.e., parts (c) and (e) giv en in Fig. 3, is an orthogonal

v ersion of Qx 1
n in whic h queens are placed ro w-wise rather than column-wise.

First w e v eri�ed the visible equiv alence of Qx 1
n and Qx 2

n and then that of Qx 1
n and

Qy
n using b oth the lpeq and the naive approac hes. The n um b er of queens n w as

v aried from 1 to 11 and the v eri�cation task w as rep eated 100 times for eac h n um b er
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T able 2. R esults for two e quivalent lo gic pr o gr ams ( n - queens ).

n SM

a tavg
b tavg RAR

c
CP avg

d
CP avg RI

e
R O

f

lpeq naive lpeq naive

1 1 0.000 0.080 - 0 0 4 30

2 0 0.000 0.050 - 0 0 36 146

3 0 0.007 0.052 7.43 0 0 136 478

4 2 0.020 0.124 6.20 0 2 344 1146

5 10 0.052 0.473 9.09 4 18 700 2270

6 4 0.169 0.281 1.66 16 18 1244 3970

7 40 0.815 2.583 3.17 38 84 2016 6366

8 92 5.994 7.531 1.26 176 263 3116 9578

9 352 35.900 36.836 1.03 603 955 4404 13726

10 724 238.726 110.109 0.46 2734 3243 6100 18930

11 2680 1521.730 565.029 0.37 12210 13927 8184 25310

a
Num b er of stable mo dels for Qx 1

n and Qy
n .

b
A v erage running time in seconds.

c
Ratio of a v erage running times.

d
A v erage n um b er of c hoice p oin ts during the searc h.

e
Num b er of rules in the input: jQx 1

n j + jQy
n j .

f
Num b er of rules in the output: jEQT( Qx 1

n ; Qy
n )j + jEQT( Qy

n ; Qx 1
n )j .

of queens � generating eac h time new randomly sh u�ed v ersions of the programs

in v olv ed. The results of these exp erimen ts are sho wn in T ables 1 and 2, resp ectiv ely .

It app ears that the naive approac h b ecomes sup erior in the case of t w o equiv alen t

w ell-structured logic programs con taining hidden atoms (the atoms negq(X,Y) are

explicitly hidden) as programs gro w and the n um b er of stable mo dels increases.

Comparing the a v erage running times from T ables 1 and 2, it can b e seen that the

di�erence in running times is smaller in the case where the second program do es

not con tain hidden atoms. This can b e seen as an indication that it is particularly

the translation of the hidden part Hidden� (�) that increases the running time of

the lpeq approac h. T o in v estigate this further, w e v eri�ed the equiv alence of Qx 1
n

and Qy
n without declaring the atoms negq(X,Y) hidden. The results obtained from

this exp erimen t resem bled our previous results in (Janh unen and Oik arinen 2002),

i.e., the lpeq approac h p erforms somewhat b etter than the naive one. Moreo v er,

the a v erage running times of naive approac h are appro ximately the same as with

hidden atoms, but the a v erage running times for the lpeq approac h are signi�can tly

smaller. The reason wh y the naive approac h app ears to b e imm une to c hanges in

the visibilit y of atoms is the follo wing. In our enco dings of the n - queens problem, the

in terpretation for hidden atoms can b e directly determined once the in terpretation

for visible part is kno wn. Ho w ev er, this is not necessarily the case in general and

�nding the unique stable mo del for the hidden part can b e more lab orious and time

consuming as in our last b enc hmark to b e describ ed in Section 7.3.

W e c hose the pairs of programs (Qx 1
n ; Qx 2

n ) and (Qx 1
n ; Qy

n ) for our exp erimen ts

in order to to see if the t w o approac hes w ould p erform di�eren tly dep ending on

whether a lo c al change (a c hoice rule is used instead of basic rules) or a glob al change
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Fig. 4. A v erage running times and n um b ers of c hoice p oin ts for random 3- sat instances

with the ratio c=v = 4 .

(an orthogonal enco ding is in tro duced) is made in the enco ding. Ho w ev er, our test

results sho w no clear indication in either direction. F urthermore, w e decided to

test non-equiv alen t pairs of n - queens programs. T o this end, w e dropp ed n random

rules from Qy
n , and v eri�ed the equiv alence of Qx 1

n and the mo di�ed v ersion of Qy
n

b y selecting only non-equiv alen t pairs (b oth with and without hidden atoms). The

results turned out to b e v ery similar to the results that w ere obtained for equiv alen t

program pairs. In all our n - queens exp erimen ts the n um b er of choic e p oints (i.e.,

the n um b er of c hoices made b y smodels while searc hing for stable mo dels for the

translation) is sligh tly smaller in the lpeq approac h than in the naive one. Th us it

seems that v erifying the equiv alence of logic programs using lpeq leads to smaller

searc h space, but the ev en tual e�ciency can v ary as far as time is concerned.

7.2 R andom 3-SA T and Gr aph Pr oblems

W e also p erformed some tests with randomly generated logic programs. W e gen-

erated logic programs that solv e an instance of a random 3- sat problem with a

constan t clauses to v ariables ratio c=v = 4 . Suc h instances are t ypically satis�able,

but so close to the phase tr ansition p oint (appro ximately 4.3) that �nding mo dels

is already demanding for SA T solv ers. T o sim ulate a slopp y programmer making

mistak es, w e dropp ed one random rule from eac h program. Due to non-existence of

hidden atoms, w e c hec k ed the w eak equiv alence of the mo di�ed program and the
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Fig. 5. A v erage running times and n um b ers of c hoice p oin ts for random 3- sat instances

with �xed v = 40 and v arying ratio c=v.

original program to see if making suc h a mistak e a�ects stable mo dels or not. As

a consequence, the pairs of programs included b oth equiv alen t and nonequiv alen t

cases. When c=v = 4 , appro ximately 45�60% of the program pairs w ere equiv alen t.

This do es not seem to dep end m uc h on the problem size (measured in the n um b er

of v ariables in the problem) within problem sizes used in the exp erimen ts. With

smaller v alues of c=v the p ercen tage of equiv alen t program pairs is lo w er but for

larger v alues of c=v the p ercen tage gro ws up to 90%. In the �rst exp erimen t with

random 3- sat programs, w e v aried the n um b er of v ariables v from 10 to 50 with

steps of 5. F or eac h n um b er of v ariables w e rep eated the test 100 times and gener-

ated eac h time a new random instance. The a v erage running times and the a v erage

n um b er of c hoice p oin ts for b oth approac hes are sho wn in Figure 4. These results

indicate that the lpeq approac h is signi�can tly faster than the naive one. The

di�erence increases as program instances gro w. The n um b er of c hoice p oin ts is also

lo w er in the former approac h on an a v erage.

In the second exp erimen t with random 3- sat instances w e generated programs as

in the previous exp erimen t, but w e k ept the n um b er of v ariables constan t, v = 40 ,

and v aried the ratio c=v from 3.75 to 4.75 with steps of 0.125. F or eac h v alue of

the ratio c=v, w e rep eated the test 100 times generating eac h time a new random

instance. The motiv ation b ehind this exp erimen t w as to see ho w the lpeq approac h

p erforms compared to the naive one as the programs c hange from almost alw a ys
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Fig. 6. A v erage running times and a v erage n um b er of c hoice p oin ts for 4- colo ring random

planar graphs and �nding Hamiltonian circuits .

satis�able (man y stable mo dels) to almost alw a ys unsatis�able (no stable mo dels).

The a v erages of running times and n um b ers of c hoice p oin ts are presen ted in Fig-

ure 5 for b oth approac hes. F or lo w v alues of the ratio c=v, the lpeq approac h is

signi�can tly b etter than the naive one lik e previously . As the ratio increases, the

p erformance of the naive approac h gradually impro v es, but lpeq is still b etter.

The a v erage n um b er of c hoice p oin ts is also lo w er in the lpeq approac h.

W e also com bined structured logic programs with randomness. W e used t w o graph

problems formalized with rules b y Niemelä (1999, p. 262): the problems of n - colo ring

of a graph with n colors and �nding a Hamiltonian circuit for a graph. Using the

Stanford GraphBase library , w e generated random planar graphs with v v ertices

where v ranges from 10 to 17 and instan tiated the resp ectiv e logic programs for

4- colo ring and Hamiltonian circuit b y in v oking lp arse . As in the preceding exp eri-

men ts with random 3- sat programs, the second program for equiv alence testing w as

obtained b y dropping one random rule from the one instan tiated b y lp arse . The

tests w ere rep eated 100 times for eac h v alue of v using a new random planar graph

ev ery time. The a v erage running times and the a v erage n um b er of c hoice p oin ts for

b oth exp erimen ts are presen ted in Figure 6. In b oth exp erimen ts the lpeq approac h

is signi�can tly b etter than the naive approac h, though running times di�er more

in the 4- colo ring problem. The n um b ers of c hoice p oin ts v ary as b efore.
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7.3 Knapsack

Finally , w e used the knapsack problem whose enco ding in v olv es w eigh t constrain ts.

Here the ob jectiv e w as to test the p erformance of the translation-based approac h

when programs in v olv e a substan tial n um b er of hidden atoms and the v eri�cation

of equiv alence requires the prop ert y of ha ving enough visible atoms as stated in

Corollary 6.13. It should b e stressed that the previous v ersion of lpeq (1.13) and

the corresp onding translation presen ted in (Janh unen and Oik arinen 2002) do not

co v er suc h programs. In the knapsac k problem, there are n t yp es of items, eac h

item of t yp e i has size wi and pro�t ci . The goal is to �ll the knapsac k with X i

items of t yp e i so that the maxim um size W is not exceeded and the minim um

pro�t C is gained, i.e.,

nX

i =1

X i � wi � W and
nX

i =1

X i � ci � C:

W e decided to use an enco ding of the knapsack problem prop osed b y Do vier et al.

(2005) using the same w eigh ts and costs. An instance of the enco ding is denoted b y

KS(W; C) where the parameters W and C are as ab o v e. W e considered the visible

equiv alence of programs KS(127; C) and KS(127; C � 1) for the v alues of C in the

sequence 184; 180; : : : ; 104; 100. The starting v alue C = 184 w as selected, since it

is the highest p ossible v alue for KS(127; C) to ha v e stable mo dels. As C decreases,
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Fig. 7. A v erage running times and a v erage n um b er of c hoice p oin ts for knapsack .
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the n um b er of stable mo dels p ossessed b y KS(127; C) gro ws. F or eac h v alue of C
w e generated 10 randomly sh u�ed v ersions of KS(127; C) and KS(127; C � 1). The

programs KS(127; C) and KS(127; C � 1) are alw a ys visibly non-equiv alen t as stable

mo dels of KS(127; C) are also stable mo dels of KS(127; C � 1) up to visible parts,

but not vice v ersa, b ecause of w eigh ts used in (Do vier et al. 2005).

The a v erages of running times and n um b ers of c hoice p oin ts for the knapsack

problem are presen ted in Figure 7. It is w orth noting that the total running time

is dominated b y the direction that do es not yield a coun ter-example. Ho w ev er, the

lpeq approac h is also signi�can tly faster than the naive one in the direction that

actually yields coun ter-examples.

8 Conclusion

In this article, w e prop ose a translation-based approac h for v erifying the equiv a-

lence of logic programs under the stable mo del seman tics. The curren t translation

EQT( P; Q) and its implemen tation lpeq co v er the t yp es of rules supp orted b y the

smodels searc h engine whic h pro vide the basic kno wledge represen tation primi-

tiv es. More general forms of rules implemen ted in the fron t-end lp arse are also

co v ered b y lpeq . This is partially ac hiev ed b y lp arse itself as it expresses high-

lev el constructs using the primitiv es of the engine. Ho w ev er, the task of v erifying

equiv alence is complicated considerably since lp arse ma y ha v e to in tro duce hid-

den atoms. T o this end, the new est v ersion of lpeq includes a prop er supp ort

for hidden atoms so that it can b e used to v erify visible e quivalenc e of smodels

programs (denoted � v ) rather than ordinary w eak equiv alence (denoted � ). The

underlying theory around the prop ert y of ha ving enough visible atoms is dev elop ed

in Section 4 and w e consider these ideas as a signi�can t extension to the original

translation-based approac h presen ted in (Janh unen and Oik arinen 2002).

Our conclusion of the exp erimen ts rep orted in Section 7 is that the translation-

based approac h can really b e useful in practice. In man y cases, the n um b er of

c hoice p oin ts and time needed for computations is less than in the naive cross-

c hec king approac h. T o the b est of our understanding, this is b ecause the translation

EQT( P; Q) pro vides an explicit sp eci�cation of a coun ter-example that guides the

searc h p erformed b y smodels . Suc h co ordination is not p ossible in the naive

approac h where the stable mo dels of P and Q are computed separately and cross-

c hec k ed. Ho w ev er, if the programs b eing compared are lik ely to ha v e few stable

mo dels or no stable mo dels at all, w e exp ect that the naive approac h b ecomes

sup erior to ours. Recall that P is included in the translation EQT( P; Q) whic h has

no stable mo dels in the case that P has no stable mo dels. The naive approac h ma y

also b e b etter o� when programs turn out to b e equiv alen t and the v eri�cation task

b oils do wn to establishing the corresp ondence of stable mo dels.

As regards future w ork, there are sev eral issues to b e addressed.

� The curren t translation and its implemen tation lpeq do not co v er mini-

mize/maximize statemen ts that are nev ertheless supp orted b y the smodels

searc h engine. Basically , one can deal with optimization on t w o lev els. The
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�rst is to v erify the equiv alence of programs without optimization statemen ts

whic h should in tuitiv ely imply equiv alence in the presence of the same opti-

mization statemen ts expressed in terms of visible atoms. The second approac h

is the fully general one that allo ws di�erences in the non-optimal mo dels of the

programs b eing compared and in the form ulation of optimization statemen ts

as there ma y b e sev eral form ulations that are e�ectiv ely equiv alen t.

� Other notions of equiv alence � suc h as the stronger notion of equiv alence

prop osed b y Lifsc hitz et al. (2001) � should b e co v ered b y devising and

implemen ting suitable translations. Some translations in this resp ect ha v e

already b een presen ted b y T urner (2003) and Eiter et al. (2004). Ho w ev er,

the visibilit y asp ects of these relations ha v e not b een fully analyzed so far.

� The curren t implemen tation pro vides already a reasonably go o d supp ort for

in visible atoms, since those in tro duced b y lp arse can b e dealt with. Ho w ev er,

the notion of strati�cation used b y lpeq is v ery cautious and w e should also

pursue other natural classes of programs that ha v e enough visible atoms. One

ob vious question in this resp ect is whether the prop ert y of ha ving enough

visible atoms is pr eserve d b y lp arse .

� The case of disjunctiv e logic programs is also in teresting, as e�cien t imple-

men tations are a v ailable: dl v (Leone et al. 2006) and gnt (Janh unen et al.

2006). The latter uses smodels for actual computations in analogy to the

translation-based approac h follo w ed b y this pap er. In (Oik arinen and Jan-

h unen 2004) w e extend the translation-based approac h to the disjunctiv e case.

The resp ectiv e implemen tation for disjunctiv e programs, namely dlpeq , is re-

p orted in (Janh unen and Oik arinen 2004). F or no w, in visible atoms are not

supp orted b y dlpeq and it is in teresting to see whether the concept of ha ving

enough visible atoms lifts to the disjunctiv e case in a natural w a y .
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App endix A Pro ofs

Pr o of of L emma 4.16

Supp ose that M 2 SM(P) , i.e. M = LM( PM ) and M j= CompS(P) . T o pro v e

M h 2 SM(Ph=Mv ) , let us establish �rst that M h j= ( Ph=Mv )M h
. Assuming the

con trary , some rule r 2 (Ph=Mv )M h
m ust b e falsi�ed b y M h . Since basic rules and
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constrain t rules are sp ecial cases of w eigh t rules (c.f. discussion after De�nition 2.1),

it is su�cien t to consider only rules r of t w o t yp es: w eigh t rules and c hoice rules.

� If a w eigh t rule h  w1 � f Ah = WA h g in (Ph=Mv )M h
is falsi�ed b y M h , w e ha v e

M h 6j= h and w1 � WSM h (Ah = WA h ) in whic h w1 = max(0 ; w2 � WSM h (� Bh =
WB h )) is related with a rule h  w2 � f Ah = WA h ; � Bh = WB h g included in

Ph=Mv . Th us w2 � WSM h (Ah = WA h ; � Bh = WB h ) . Then the de�nition of Ph=Mv

and that of w1 in terms of the b ound w2 imply that w2 = max(0 ; w � WSM v (Av =
WA v ; � Bv = WB v )) for some w eigh t rule h  w � f A = WA ; � B = WB g of P . By

com bining w eigh t sums on the basis of M = M h [ M v , w e obtain w � WSM (A =
WA ; � B = WB ) . On the other hand, the reduct PM

con tains a w eigh t rule h  
w3 � f A = WA g where w3 = max(0 ; w � WSM (� B = WB )) . It follo ws that w3 �
WSM (A = WA ) and M 6j= h . A con tradiction, since M j= PM

holds for M .

� A c hoice rule f Hhg  Ah ; � Bh cannot b e falsi�ed b y de�nition, a con tradiction.

Hence M h j= ( Ph=Mv )M h
and it remains to establish the minimalit y of M h with

resp ect to this prop ert y . Supp ose there is M 0 j= ( Ph=Mv )M h
suc h that M 0 � M h .

Using M 0
w e de�ne an in terpretation N = M v [ M 0

so that Nv = M v , Nh = M 0 �
M h , and Nh j= ( Ph=Mv )M h

b y de�nition. Let us then assume that N 6j= PM
, i.e.,

there is some rule r of the reduct PM
not satis�ed b y N � M . As ab o v e, it is

su�cien t to consider the con tribution of w eigh t rules and c hoice rules to PM
.

� If r is a w eigh t rule h  w2 � f A = WA g in PM
, then N 6j= h and w2 � WSN (A =

WA ) holds for w2 = max(0 ; w � WSM (� B = WB )) and some w eigh t rule h  w �
f A = WA ; � B = WB g of P . Since M v and Nv coincide, w e obtain

w � WSN (A = WA ) + WS M (� B = WB )
= WS N h (Ah = WA h ) + WS M h (� Bh = WB h )+

WSM v (Av = WA v ; � Bv = WB v ):
(A1)

T w o cases arise. (i) If h 2 Hbh (P) , then Ph=Mv con tains a rule h  w3 �
f Ah = WA h ; � Bh = WB h g where w3 = max(0 ; w � WSM v (Av = WA v ; � Bv =
WB v )) . It follo ws b y (A1) that w3 � WSN h (Ah = WA h ) + WS M h (� Bh = WB h ) .

Moreo v er, the reduct (Ph=Mv )M h
includes a rule h  w4 � f Ah = WA h g where

w4 = max(0 ; w3 � WSM h (� Bh = WB h )) . Th us w4 � WSN h (Ah = WA h ) holds so

that N 6j= h and h 2 Hbh (P) imply Nh 6j= r , a con tradiction with Nh j= ( Ph=Mv )M h
.

(ii) If h 2 Hbv (P) , then the de�nition of N implies M 6j= h . Moreo v er N � M im-

plies WSN (A = WA ) � WSM (A = WA ) so that w2 � WSM (A = WA ) . Th us

M 6j= r and M 6j= PM
whic h con tradicts the fact that M = LM( PM ) .

� If r is a basic rule h  A asso ciated with a c hoice rule f H g  A; � B of P , then

h 2 H , M j= h , M j= � B , N 6j= h , and N j= A . No w h 2 Hbv (P) is imp ossible

as M v = Nv , M j= h , and N 6j= h . Hence h 2 Hbh (P) is necessarily the case and

Hh 6= ; . Moreo v er, M v = Nv , N j= A , and M j= � B imply that M v j= Av [ � Bv .

Th us f Hhg  Ah ; � Bh is included in Ph=Mv . In addition, M j= � B and M j= h
imply M h j= � Bh and M h j= h so that h  Ah is included in (Ph=Mv )M h

. Finally ,

w e obtain Nh j= Ah , Nh 6j= h and Nh 6j= r from N j= A and N 6j= h . A con tradiction.

T o conclude the analysis ab o v e, it m ust b e the case that N j= PM
. Since N � M ,
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this con tradicts the fact that M is a minimal mo del of PM
. Th us M h is necessarily

a minimal mo del of (Ph=Mv )M h
, i.e., a stable mo del of Ph=Mv .

Pr o of of Pr op osition 5.7

W e pro v e the giv en four claims dep ending on conditions (i) M = LM( PM ) , (ii)

Nh = LM(( Qh=Mv )N h ) , and (iii) L = LM( QN ) . Let us de�ne J = LM(EQT( P; Q)I )
for more concise notation. It is clear that J j= EQT( P; Q)I

holds.

Claim 1: J \ Hb(P) = LM( PM ) .

(� ) Since PM � EQT( P; Q)I
b y Lemma 5.6, also J j= PM

holds. Then J \
Hb(P) j= PM

as PM
is based on Hb(P) . Th us LM( PM ) is con tained in J \ Hb(P) .

(� ) No w LM( PM ) j= PM
holds. Then de�ne an in terpretation K = LM( PM ) [

Hbh (Q)� [ Hb(Q) � [ f c; d; eg for whic h K j= EQT( P; Q)I
holds trivially b y Lemma

5.6. Th us J � K and K \ Hb(P) = LM( PM ) imply J \ Hb(P) � LM( PM ) .

Claim 2: If (i), then J \ Hbh (Q)� = LM(( Qh=Mv )N h )�
.

Assuming (i) w e obtain M = I \ Hb(P) = LM( PM ) = J \ Hb(P) b y Claim 1.

( � ) Let us assume that J 6j= (( Qh=Mv )N h )�
. In this resp ect, it is su�cien t to

consider only cases where w eigh t rules and c hoice rules b elong to the reduct.

� Supp ose there is a w eigh t rule h  w1 � f Ah = WA h ; � Bh = WB h g 2 Qh=Mv

where h 2 Hbh (Q) and w1 = max(0 ; w � WSM v (Av = WA v ; � Bv = WB v )) is

obtained from h  w � f A = WA ; � B = WB g 2 Q . Then the rule h�  w2 �
f A �

h = WA �
h
g is in ((Qh=Mv )N h )�

and w2 = max(0 ; w1 � WSN h (� Bh = WB h )) .

Since this rule is falsi�ed under J , w e ha v e J 6j= h�
and w2 � WSJ (A �

h = WA �
h
) .

Using the de�nitions of w2 and w1 , w e obtain an inequalit y

w � WSJ (A �
h = WA �

h
) + WS N h (� Bh = WB h )+

WSM v (Av = WA v ; � Bv = WB v ):
(A2)

On the other hand, there is a rule r = h�  w3 � f A �
h = WA �

h
; Av = WA v g with

w3 = max(0 ; w � WSN (� B = WB )) in EQT( P; Q)I
b y Lemma 5.6. Since N =

M v [ Nh b y de�nition, w e obtain w3 � WSJ (A �
h = WA �

h
)+WS M v (Av = WA v ) from

the de�nition of w3 and (A2). As M = J \ Hb(P) , w e kno w that M v = J \ Hbv (Q)
and w3 � WSJ (A �

h = WA �
h
; Av = WA v ) . Th us J 6j= r and J 6j= EQT( P; Q)I

whic h

con tradicts the c hoice of J in the b eginning of this pro of.

� Supp ose there is a c hoice rule f Hhg  Ah ; � Bh 2 Qh=Mv so that Hh 6= ; and

M v j= Av [ � Bv hold for a rule f H g  A; � B 2 Q . Consider an y h 2 Hh .

If Nh j= h , Nh j= � Bh , and M v j= � Bv , there is a rule h�  A �
h included in

((Qh=Mv )N h )�
. Assuming that this rule is falsi�ed b y J implies that J 6j= h�

and

J j= A �
h . Since N = M v [ Nh b y de�nition, w e ha v e N j= � B . T ogether with

Nh j= h , this implies that there is a rule r = h�  A �
h ; Av in EQT( P; Q)I

b y

Lemma 5.6. Since M v = J \ Hbv (Q) as ab o v e, w e obtain J j= Av so that J 6j= r
and J 6j= EQT( P; Q)I

. A con tradiction regardless of the c hoice of h .
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Th us J j= (( Qh=Mv )N h )�
follo ws and LM(( Qh=Mv )N h )�

is necessarily con tained

in J \ Hb(Q) �
.

( � ) De�ne an in terpretation K = M [ LM(( Qh=Mv )N h )� [ Hb(Q) � [ f c; d; eg.

Since (i) is assumed, it is clear that K j= PM
but the satisfaction of rules addressed

in Items 1�4 of Lemma 5.6 m ust b e v eri�ed. A case analysis follo ws.

� Let us assume that there is a w eigh t rule r = h�  w1 � f A �
h = WA �

h
; Av = WA v g 2

EQT( P; Q)I
where w1 = max(0 ; w � WSN (� B = WB )) is asso ciated with h  

w � f A = WA ; � B = WB g 2 Q satisfying h 2 Hbh (Q) . By assuming K 6j= r ,

w e obtain K 6j= h�
and w1 � WSK (A �

h = WA �
h
; Av = WA v ) . It follo ws that

w � WSK (A �
h = WA �

h
; Av = WA v ) + WS N (� B = WB ) b y the de�nition of w1 .

On the other hand, the hidden part Qh=Mv con tains a w eigh t rule h  w2 �
f Ah = WA h ; � Bh = WB h g where w2 = max(0 ; w � WSM v (Av = WA v ; � Bv =
WB v )) . Th us the reduct (Qh=Mv )N h

con tains a rule r 0 = h  w3 � f Ah = WA h g
where the limit w3 = max(0 ; w2 � WSN h (� Bh = WB h )) . Using the de�nition of

w2 , N = M v [ Nh and K , w e obtain K \ Hbv (Q) = M v and from the preceding

inequalit y concerning w , w2 � WSK (A �
h = WA �

h
) + WS N h (� Bh = WB h ) . Similarly ,

the de�nition of w3 , yields us w3 � WSK (A �
h = WA �

h
) . But then the de�nition of

K implies that r 0
is not satis�ed b y LM(( Qh=Mv )N h ) , a con tradiction.

� Supp ose there is a rule r = h�  A �
h ; Av 2 EQT( P; Q)I

asso ciated with a c hoice

rule f H g  A; � B 2 Q suc h that h 2 Hh , Nh j= h , and N j= � B . Assuming

K 6j= r implies K 6j= h�
, K j= A �

h , and K j= Av . Since K \ Hbv (Q) = M v and

N = M v [ Nh b y de�nition, w e kno w that M v j= Av [ � Bv . Since Hh 6= ; , it follo ws

that f Hhg  Ah ; � Bh is included in Qh=Mv . Moreo v er, the rule r 0 = h  Ah

b elongs to (Qh=Mv )N h
as Nh j= � Bh and Nh j= h . But then the de�nition of K

implies that r 0
is not satis�ed b y LM(( Qh=Mv )N h ) , a con tradiction.

The other rule t yp es are co v ered b y w eigh t rules. It follo ws b y the structure of

EQT( P; Q)I
describ ed in Lemma 5.6 that K j= EQT( P; Q)I

. In particular the rules

in Items 5�14 are trivially satis�ed b y K as their heads are. It follo ws that J � K
and J \ Hbh (Q)� � LM(( Qh=Mv )N h )�

as K \ Hbh (Q)� = LM(( Qh=Mv )N h )�
.

Claim 3: If (i) and (ii), then J \ Hb(Q) � = LM( QN )�
.

Let us assume b oth (i) and (ii). It follo ws b y Claims 1 and 2 that M = I \ Hb(P) =
LM( PM ) = J \ Hb(P) and N �

h = I \ Hbh (Q)� = LM(( Qh=Mv )N h )� = J \ Hbh (Q)�
.

( � ) Let us �rst establish J j= ( QN )�
. It is clear b y Lemma 5.6 that almost

all rules of (QN )�
are presen t in EQT( P; Q)I

. The only exception concerns a rule

r = h�  A � [ f hg (resp. r = h�  A � [ f h� g) included in EQT( P; Q)I
for a

c hoice rule f H g  A; � B 2 Q suc h that h 2 H v (resp. h 2 Hh ) and N j= � B .

Supp ose that J 6j= r 0
for the corresp onding rule r 0 = h�  A �

included in (QN )�

whic h presumes that N j= h . This implies J j= h (resp. J j= h�
) as N = M v [ Nh

and M = J \ Hb(P) (resp. N �
h = J \ Hbh (Q) ). Th us J 6j= r , a con tradiction. Hence

J j= ( QN )�
and J \ Hb(Q) � j= ( QN )�

.

( � ) Let us then de�ne an in terpretation K = LM( PM ) [ LM(( Qh=Mv )N h )� [
LM( QN )� [ f c; d; eg. It can b e sho wn as in Claim 2 that K j= PM

and the rules
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men tioned in Items 1�4 of Lemma 5.6 are satis�ed b y K . As noted already , most

of the rules of (QN )�
are included in EQT( P; Q)I

as suc h and th us satis�ed b y

the de�nition of K as LM( QN )� j= ( QN )�
. The only exceptions are made b y rules

r of the forms de�ned ab o v e. Supp ose that K 6j= r and de�ne r 0 = h�  A �
.

It follo ws that K 6j= r 0
and h 2 LM( PM ) (resp. h 2 LM(( Qh=Mv )N h ) ). Then

M = LM( PM ) (resp. Nh = LM(( Qh=Mv )N h ) ) implies N j= h so that r 0 2 (QN )�
.

Th us N j= r 0
b y the de�nition of N , a con tradiction. Finally , the rules in Items

9�14 of Lemma 5.6 are satis�ed b y K as K j= f c; d; eg. Th us K j= EQT( P; Q)I
.

Since K \ Hb(Q) � = LM( QN )�
, w e obtain J \ Hb(Q) � � LM( QN )�

.

Claim 4: If (i), (ii), (iii), and A = J \ f c; d; eg, then (a) d 2 A () N 6= L , (b)

c 2 A () d 62I and L 6j= CompS(Q) , and (c) e 2 A () c 2 A or d 2 A .

Assume (i), (ii), and (iii). Using Claims 1�3, w e obtain M = I \ Hb(P) =
LM( PM ) = J \ Hb(P) , N �

h = I \ Hbh (Q)� = LM(( Qh=Mv )N h )� = J \ Hbh (Q)�
,

and L � = I \ Hb(Q) � = LM( QN )� = J \ Hb(Q) �
.

(a) The structure of EQT( P; Q)I
made explicit in Lemma 5.6 and the prop erties of

LM(EQT( P; Q)I ) imply that d 2 A () there is an atom a 2 Hb(Q) suc h that

L 6j= a and N j= a; or N 6j= a and L j= a. But this is equiv alen t to N 6= L .

(b) The same premises imply that c 2 A () c 2 J () I 6j= d; and there is

a 2 CompS(Q) suc h that L 6j= a or or there � b 2 CompS(Q) suc h that L j= b. Or

equiv alen tly , d 62I and L 6j= CompS(Q) .

(c) Finally , w e ha v e e 2 A () J j= e () J j= c or J j= d () c 2 A or d 2 A .

Pr o of of The or em 5.8

( =) ) Supp ose that EQT( P; Q) has a stable mo del K , i.e. K = LM(EQT( P; Q)K )
and K j= CompS(EQT( P; Q)) . Let us then extract three in terpretations from K :

M = K \ Hb(P) , N = M v [ Nh where Nh = f a 2 Hbh (Q) j a� 2 K g, and L =
f a 2 Hb(Q) j a� 2 K g. It follo ws that M = K \ Hb(P) = LM( PM ) b y Claim 1

in Prop osition 5.7. Besides, w e ha v e M j= CompS(P) as K j= CompS(EQT( P; Q))
and CompS(P) � CompS(EQT(P; Q)) . Th us M 2 SM(P) .

W e ma y no w apply Claim 2 in Prop osition 5.7 since condition (i) is satis�ed.

Th us N �
h = K \ Hbh (Q)� = LM(( Qh=Mv )N h )�

whic h mak es condition (ii) true in

Prop osition 5.7 so that Nh 2 SM(Qh=Mv ) is the case.

This enables the use of Claim 3 in Prop osition 5.7 to obtain L � = K \ Hb(Q) � =
LM( QN )�

. Th us L = LM( QN ) and condition (iii) in Prop osition 5.7 is satis�ed.

On the other hand, e 2 A holds for A = K \f c; d; eg as K j= CompS(EQT( P; Q))
and e 2 CompS(EQT(P; Q)) b y De�nition 5.1. It follo ws b y (c) and (b) in Claim

4 of Prop osition 5.7 that c 2 A or d 2 A , i.e. d 62A and L 6j= CompS(Q) ; or

d 2 A . Using (a) w e obtain N = L and L 6j= CompS(Q) ; or N 6= L . By substituting

LM( QN ) for L and N for L , w e ha v e N = LM( QN ) and N 6j= CompS(Q) ; or

N 6= LM( QN ) . Since Q has enough visible atoms, w e kno w that Nh is unique with

resp ect to Q and M v , and there is no N 2 SM(Q) suc h that Nv = M v .
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( ( = ) Supp ose that P has a stable mo del M = LM( PM ) and there is no

N 2 SM(Q) suc h that Nv = M v . Since Q has enough visible atoms an y suc h

candidate N m ust b e based on the unique stable mo del Nh = LM(( Qh=Mv )N h ) . So

let us de�ne N = M v [ Nh . The instabilit y of N implies either N 6= LM( QN ) ; or

N = LM( QN ) and N 6j= CompS(Q) . In either case, let L = LM( QN ) . Moreo v er, let

A � f c; d; eg b e a set of atoms so that d 2 A () N 6= LM( QN ) , c 2 A ()
N = LM( QN ) and N 6j= CompS(Q) , and e 2 A unconditionally .

Let us then de�ne an in terpretation K = M [ N �
h [ L � [ A . It is easy to

see that K j= CompS(EQT( P; Q)) as M j= CompS(P) and K j= e b y de�ni-

tion. It remains to establish that K = LM(EQT( P; Q)K ) . First, the de�nition of

K implies that K \ Hb(P) = M . It follo ws b y Claim 1 in Prop osition 5.7 that

LM(EQT( P; Q)K ) \ Hb(P) = LM( PM ) = M . Second, w e ha v e K \ Hbh (Q)� = N �
h

b y de�nition. Using Claim 2 in Prop osition 5.7 w e obtain LM(EQT( P; Q)K ) \
Hbh (Q)� = LM(( Qh=Mv )N h )� = N �

h . Third, w e de�ned K so that K \ Hb(Q) � =
L �

. It follo ws b y Prop osition 5.7 (Claim 3) that LM(EQT( P; Q)K ) \ Hb(Q) � =
LM( QN )� = L �

. Finally , w e recall that K \ f c; d; eg = A . It follo ws b y Claim 4 in

Prop osition 5.7 that (a) d 2 LM(EQT( P; Q)K ) () N 6= L () N 6= LM( QN )
() d 2 A b y the de�nition of A ab o v e; (b) c 2 LM(EQT( P; Q)K ) () d 62K
and L 6j= CompS(Q) () d 62A and L 6j= CompS(Q) () N = L and

N 6j= CompS(Q) () N = LM( QN ) and N 6j= CompS(Q) () c 2 A ; and

(c) e 2 LM(EQT( P; Q)K ) holds as the instabilit y of N implies either d 2 A or

c 2 A . Th us LM(EQT( P; Q)K ) \ f c; d; eg = A . T o summarize, w e ha v e established

LM(EQT( P; Q)K ) = M [ N �
h [ L � [ A = K . Th us K 2 SM(EQT( P; Q)) .

Pr o of of Pr op osition 6.7

Let M � Hb(P) b e an y in terpretation for P and Pw . W e rewrite (12) using short-

hands as 0 � f H = 1g  j Aj + jB j � f A = 1; � B = 1g where 1 s are sets of w eigh ts

of appropriate sizes consisting of only 1s. As regards the resp ectiv e c hoice rule

f H g  A; � B and an y h 2 H , De�nition 3.4 implies that h  A b elongs to

PM () M j= h and M j= � B . On the other hand, De�nition 6.5 implies

h  (jAj + jB j � WSM (� B = 1)) � f A = 1g 2 PM
w () M j= h . Quite similarly ,

w e use 1 � f h = 1g  w � f A = WA ; � B = WB g as an abbreviation for (13). Then

the reduced rule h  w0 � f A = WA g where w0 = max(0 ; w � WSM (� B = WB ))
b elongs to PM

unconditionally and to PM
w () M j= h .

( =) ) Supp ose that M = LM( PM ) . It follo ws immediately that M j= PM
and

M j= P . Since c hoice rules and their translations (12) do not in terfere with the

satisfaction of rules, w e conclude M j= Pw b y the close relationship of (4) and (13).

Moreo v er, it is easy to see that LM( PM
w ) � M as the analysis ab o v e sho ws that the

head atom h of ev ery rule included in PM
w is necessarily true in M , i.e., h 2 M .

It remains to pro v e b y induction that eac h in terpretation in a sequence de�ned b y

M 0 = ; and M i = T P M (M i � 1) for i > 0 is con tained in LM( PM
w ) . Note that M i �

M for eac h i � 0 and M = lfp(T P M ) = M i for some �nite i due to compactness

of TP M . Let us the consider an y h 2 M i . Note that h 2 M holds, i.e., M j= h .

The de�nition of M i implies that (i) there is a rule h  A 2 PM
suc h that

M j= � B and A � M i � 1 ; or (ii) there is a rule h  w0 � f A = WA g 2 PM
with
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w0 � WSM i � 1 (A = WA ) . If (i) holds, the rule h  j Aj � f A = 1g b elongs to PM
w

as M j= h . Moreo v er, A � M i � 1 � LM( PM
w ) b y induction h yp othesis. In case of

(ii), M j= h implies that the reduced rule is also in PM
w . Since M i � 1 � LM( PM

w ) ,

w e obtain w0 � WSLM( P M
w ) (A = WA ) . Th us h 2 LM( PM

w ) results in b oth cases so

that M i � LM( PM
w ) for eac h M i and M in particular so that M = LM( PM

w ) .

( ( = ) Let us then assume that M j= Pw and M = LM( PM
w ) as w ell as M 6j= PM

.

The last cannot b e caused b y a c hoice rule b ecause h  A is included in PM

only if M j= h . If a w eigh t rule is the reason, then h  w0 � f A = WA g with

w0 = max(0 ; w � WSM (� B = WB )) b elongs to PM
, w0 � WSM (A = WA ) ,

and M 6j= h . By adding WSM (� B = WB ) on b oth sides of the inequalit y , w e

obtain w � WSM (A = WA ; � B = WB ) . Th us a rule 1 � f h = 1 g  w �
f A = WA ; � B = WB g of Pw is not satis�ed b y M , a con tradiction. Hence M j= PM

.

No w M j= PM
implies LM( PM ) � M and w e need induction to establish inclu-

sion in the other direction. This time w e use a sequence de�ned b y M 0 = ; and

M i = T P M
w

(M i � 1) for i > 0. Then consider an y h 2 M i . Since M is the limit of the

sequence, w e obtain h 2 M and M j= h . Moreo v er, the de�nition of M i implies that

(iii) there is a rule h  w00� f A = 1g 2 PM
w where w00= jAj + jB j � WSM (� B =

1) � WSM i � 1 (A = 1) ; or (iv) there is a rule h  w0 � f A = WA g 2 PM
w suc h

that w0 � WSM i � 1 (A = WA ) . In case of (iii), w e infer WSM (� B = 1) = jB j and

WSM i � 1 (A = 1) = jAj as necessities so that M j= � B and A � M i � 1 follo w. Th us

h  A 2 PM
as M j= h and LM( PM ) j= A follo ws b y the induction h yp othesis

M i � 1 � LM( PM ) . If (iv) holds, the reduced rule is also a mem b er of PM
b y de�ni-

tion. Using the induction h yp othesis again, w e obtain w0 � WSLM( P M ) (A = WA ) .

T o conclude the preceding case analysis, w e ha v e h 2 LM( PM ) for an y h 2 M i and

th us M i � LM( PM ) . Since M = M i for some i , w e obtain M � LM( PM ) .

Pr o of of The or em 6.10

Consider an y w eigh t constrain t program P . No w P � v Tr SNS(P) holds b y the

de�nition of � v if and only if Hbv (P) = Hb v (Tr( P)) and there is a bijection Ext :
SM(P) ! SM(Tr SNS(P)) suc h that for all M 2 SM(P) it holds that M \ Hbv (P) =
Ext( M ) \ Hbv (Tr SNS(P)) . Since Hbv (P) = Hb v (Tr SNS(P)) holds b y De�nition 6.9,

it remains to to establish suc h a bijection Ext from SM(P) to SM(Tr SNS(P)) .

Giv en an in terpretation M � Hb(P) , w e de�ne Ext( M ) = M [ SUP (M ) where

SUP (M ) satis�es for eac h w eigh t constrain t C = l � f A = WA ; � B = WB g � u
app earing in P that

1. sat(C) 2 SUP (M ) () l � WSM (A = WA ; � B = WB ) , and

2. unsat(C) 2 SUP (M ) () u + 1 � WSM (A = WA ; � B = WB ) .

No w, if M 2 SM(P) , then N = Ext( M ) 2 SM(Tr SNS(P)) follo ws b y the results of

Simons et al. (2002). Th us Ext is indeed a function from SM(P) to SM(Tr SNS(P))
and it remains to establish that Ext is a bijection. It is clearly injectiv e as M 1 6= M 2

implies Ext( M 1) 6= Ext( M 2) b y the de�nition of Ext .

T o pro v e that Ext is also a surjection, let us consider an y N 2 SM(Tr SNS(P))
and the resp ectiv e pro jection M = N \ Hb(P) . Since N 2 SM(Tr SNS(P)) , it holds

that N j= Tr SNS(P) and moreo v er M 2 SM(P) holds (Simons et al. 2002). Th us
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w e need to sho w N = N 0
for N 0 = Ext( M ) = M [ SUP (M ) . Since Ext : SM( P) !

SM(Tr SNS(P)) w e kno w that N 0 2 SM(Tr SNS(P)) .

Let us sho w that SUP (M ) � N . Assuming the opp osite there is an atom a 2
SUP (M ) suc h that a 62N . By the de�nition of SUP (M ) either (i) a = sat( C) or

(ii) a = unsat( C) for some C = l � f A = WA ; � B = WB g � u app earing in P .

This leads to a case analysis as follo ws.

(i) If a = sat( C) 2 SUP (M ) , then there is a rule (14) in Tr SNS(P) suc h that l �
WSM (A = WA ; � B = WB ) = WS N (A = WA ; � B = WB ) where last equalit y

holds b y the de�nition of M as A � Hb(P) and B � Hb(P) . Since sat(C) 62N , it

follo ws that (14) is not satis�ed b y N . But this con tradicts N j= Tr SNS(P) .

(ii) Quite similarly , if a = unsat( i ) 2 SUP (M ) , then there is a rule (15) suc h that

u + 1 � WSM (A = WA ; � B = WB ) = WS N (A = WA ; � B = WB ) . Then (15) is

not satis�ed b y N as unsat(i ) 62N . A con tradiction with N j= Tr SNS(P) .

Hence SUP (M ) � N is necessarily the case. Since M � N b y de�nition, w e ha v e

N 0 � N . Ho w ab out the con v erse inclusion N � N 0 = M [ SUP (M ) ? It is clear

that N \ Hb(P) = M � N 0
. Then a p oten tial di�erence N 0 n N (if an y) m ust b e

caused b y new atoms in v olv ed in Tr SNS(P) . There are three kinds of suc h atoms.

1. Supp ose that sat(C) 2 N for some C = l � f A = WA ; � B = WB g � u app earing

in P . Since N is a stable mo del of Tr SNS(P) and there is only one rule (14) in

Tr SNS(P) ha ving sat(C) as its head, the b o dy of that rule m ust b e satis�ed in N ,

to o, i.e., l � WSN (A = WA ; � B = WB ) . Since M = N \ Hb(P) , A � Hb(P) , and

B � Hb(P) , the same holds for M . Th us sat(C) 2 SUP (M ) .

2. Using the same line of reasoning and the rule (15) included in Tr SNS(P) , w e kno w

that unsat(C) 2 N implies unsat(C) 2 SUP (M ) .

3. No w f 62N m ust hold as N is a stable mo del of Tr SNS(P) whic h includes (19).

T o conclude, w e ha v e established N � N 0
whic h indicates that there is M 2

SM(P) suc h that N = Ext( M ) . Therefore Ext is bijectiv e and Tr SNS faithful.
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